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PREFACE
This dissertation is an account of work carried out in the 
Department of Applied Mathematics of the Institute of Advanced Studies 
in the Australian National University between June 1980 and March 1984 
under the supervision of Dr Colin Pask and Professor Allan W. Snyder.
While I have benefited greatly from discussions with my supervisors 
and other members of the department, the material presented in this 
thesis is my own unless specifically stated.
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"... From the higher order flow noble, exalted lights to the 
lesser order. It is by means of these lights which flow 
upon the lesser order that they are able to guide the 
corporeal world..."
Fakhr al-Dm al-Razi.
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ABSTRACT
The thesis is divided into three main parts. After introducing the 
thesis with some background material in Chapter 1, Part I (Chs.2-3) sets 
the scene by examining how lightguide studies tie in with other physical 
theories, and studying some one-dimensional examples. In Part II (Chs. 
4-6) we examine certain waveguiding effects for specific fiber profile 
shapes, in particular, higher mode "splitting" due to polarization and 
noncircularity. In Part III (Chs.7-8) we investigate some techniques 
for analyzing fibers of arbitrary profile shape. We conclude with 
Chapter 9 which further develops the themes of Parts II and III. A more 
detailed outline is as follows.
In Chapter 2 we provide a simple and unified formalism for the 
analogy between fiber-optics and mechanics. It is based on the scalar 
theory of light for an optical fiber with longitudinally-independent 
refractive index, and the mechanics of a particle in a time-independent 
potential. Illustrative examples are given. We also mention the 
conceptual analogies that arise when we include polarization and 
longitudinal- or time-dependent variations. This should prove useful 
both in teaching and as a bridge between research areas.
In Chapter 3 we examine planar lightguides which are of interest in 
integrated optics and as simple models for fiber effects considered 
later in the thesis. In addition to some scalar solutions for specific 
profiles, we examine methods for general profiles and for "exact" 
numerical solutions recommend use of an adaptation of the Sammut-Pask 
shooting-extrapolation method developed originally for fibers. We also 
consider a Green function method and the planar lightguide form of the 
Gaussian approximation. Then we consider the inclusion of polarization, 
and a one-dimensional model of a visual photoreceptor.
In Chapter 4 we examine the theory of few-mode polarization effects 
on circularly symmetric fibers. General equations are found which 
determine arbitrary order corrections to the scalar wave equation. The 
higher-order corrections are of particular interest when there is a 
degeneracy at lower orders, and are also required to increase the 
accuracy for large numerical aperture fibers. The TEQm anc[ tMq modes
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are the ones for which an excitation dependent polarization splitting 
occurs. These modes have corrections to all orders determined by 
knowledge of the scalar solutions: we obtain expressions suitable for 
computer algebraic evaluation. Explicit polarization splittings are 
found for the infinite-parabolic and clad power-law profiles. In 
particular we find that in contrast to polarization splittings for the 
fundamental modes, those between the TEQm and TMQm modes are highly 
profile dependent.
In Chapter 5 we consider the application of few-mode polarization 
effect studies to absorption in visual photoreceptors. In particular, 
we investigate the direction, wavelength dependence and magnitude of the 
polarization dependence of absorption in photoreceptors, assuming as our 
model, bound mode theory of uniformly absorbing dielectric waveguides. 
This also has application to few-mode optical fibers. First, a physical 
understanding is given in terms of simple concepts from plane-wave 
theory. Then, in undertaking a modal analysis, we find (in the spirit 
of the Gaussian approximation) that the infinite-parabolic profile 
provides a simple qualitative understanding of trends. Quantitative 
numerical results are given for the step profile.
In Chapter 6 we provide an understanding of the order in which 
modes of noncircular lightguides are cutoff, discuss their eigenvalues, 
and note some interesting degeneracies.
In Chapter 7 we develop a comparison method which identifies a 
lightguide with properties that are well known and very similar to the 
one under investigation. It has a very simple mathematical basis which 
allows a trivial derivation of the moment method for circular cross- 
section fibers including W-fibers, and an extension to non-circular 
lightguides. We first use the scalar approximation, and then extend to 
the full vector theory which accounts for polarization. Our concern is 
with fundamental mode propagation constants and higher mode cutoffs.
In Chapter 8 we firstly extend the moment method to symmetric slab 
lightguide, thus providing a simple description of both the fundamental 
mode and the second mode cutoff point. Secondly, we further develop the 
theory of equivalent step index fibers. The equivalent step method 
rests on the concept that properties of the fundamental mode are not
viii
very sensitive to refractive index profile details. We show how this 
idea may be incorporated into the original variational scheme of Snyder 
and Sammut in order to greatly simplify the calculations and to provide 
wavelength independent equivalent step parameters. The new approach
uses the effective waveguide parameter and moments of the profile shape 
function.
In Chapter 9 we firstly show that highly effective single-mode 
single polarization (SMSP) fibers can be made with comparitively small 
values of birefringence, provided that the profile heights A ,A differ 
and the fiber is bent. The effect is enhanced in anisotropic W-fibers. 
Secondly, „e consider a transformation of the scalar wave equation to an 
integral equation using the Green function for a step reference profile, 
give results for circular profiles as examples, and examine 1 
generalization to noncircular lightguides.
ix
notes on text
(i) References are numbered 
[ 9 J. sequentially within each chapter, e’g.
(ii) Equations are 
are referred 
(4.3.12).
numbered sequentially within 
to by chapter, section and
each major section, and 
equation number, e.g.
(iii ) Figures are numbered 
referenced by chapter
sequentially in each chapter and 
and figure number, e.g. Fig.8.6.
are always
XTABLE OF CONTENTS
PREFACE ii
PUBLICATIONS iv
ACKNOWLEDGMENT v
ABSTRACT vi
NOTES ON TEXT ix
TABLE OF CONTENTS x
5
1. INTRODUCTION
1.1 Lightguides 2
1.2 Modal description 2
1.3 Thesis subject matter & summary of presentation 5
1.4 References 8
PART I
SETTING THE SCENE
2. LIGHTGUIDE ANALOGIES 12
2.1 Introduction 13
2.2 Basic Formalism 17
2.3 Electromagnetic optics and quantum mechanics: examples 24
2.4 Ray optics and classical mechanics: examples 31
2.5 Quantum-classical link 35
2.6 Conclusions 37
Appendix 2A Modes and electromagnetic theory 40
Appendix 2B Comparison with traditional and quantum-ray analogies 46
Appendix 2C Polarization 47
Appendix 2D Coupling 48
References 50
3. THE ONE-DIMENSIONAL PROBLEM:
PLANAR LIGHTGUIDES AND FIBER MODELS 57
3.1 Introduction 58
3.2 Analytic solutions for specific profiles 63
3.3 "Exact" numerical solutions for general profiles 67
3.4 Variational methods and 1-d Gaussian field approximation 77
3.5 Survey of methods: discussion 80
3.6 Polarization 81
3.7 Asymmetric outer-clad slab as a first model for pigment
granule movement in visual photoreceptors 85
Appendix 3A Planar profiles with simple analytic solutions 96
Appendix 3B Greens functions for planar lightguides 97
References 104
xi
PART II
SPECIFIC PROPERTIES AND PROFILES: MODAL "SPLITTING"
4. FEW-MODE POLARIZATION EFFECTS: THEORY 107
4.1 Introduction 108
4.2 General formalism 111
4.3 Specific profile solutions 116
4.4 Discussion 120
Appendix 4A Vector cylindrical harmonics 121
References 122
5. FEW-MODE POLARIZATION EFFECTS: APPLICATION TO
ABSORPTION IN VISUAL PHOTORECEPTORS 136
5.1 Introduction 137
5.2 Physical ideas - an overview 141
5.3 Acceptance 143
5.4 Absorption 145
5.5 Combined results for physical systems 147
5.6 Conclusion 152
Appendix 5A Plane-wave acceptance
Appendix 5B Spherical wave correlation to plane-wave acceptance 
References 159
6. NONCIRCULAR AND NON-UNIFORMLY CLAD-LIGHTGUIDES 161
6.1 Introduction 162
6.2 Modal nomenclature 163
6.3 Modal transitions 164
6.4 Cutoffs - results
6.5 Eigenvalues and degeneracies - results
6.6 Polarization 173
6.7 Conclusions 174
Appendix 6A Mathematical ideas 175
Appendix 6B On the shape of the cladding far-field of noncircular
fiber 177
Appendix 6C Numerical results for eigenvalues 179
References 182
xii
PART III
GENERAL TECHNIQUES AND PROFILES
7. EQUIVALENT LIGHTGUIDES 184
7.1 Introduction 185
7.2 Basic formula and implications 187
7.3 Circular cross-section fibers 190
7.4 Noncircular optical fibers 198
7.5 Vector problems 208
Appendix 7A Moments 216
Appendix 7B Contribution due to non-equal moments 220
References 222
8. VARIATIONS ON A THEME 224
8.1 Introduction 225
8.2 Moment method for slab lightguides 226
8.3 Developments in the theory of equivalent step index
fibers 237
References 246
9. LATEST DEVELOPMENTS 247
9.1 Introduction 248
9.2 Single polarization achieved by bending anistropic
fibers 249
9.3 Technique for the future: Green functions 263
Appendix 9A Spot-Sizes 274
Appendix 9B Green function method: analytic angular integration 277
27 8References
CHAPTER 1
INTRODUCTION
1.1 Lightguides
1.2 Modal description
1.2.1 Single-mode lightguides
1.2.2 Few-mode lightguides
(a) Visual photoreceptors
(b) Two-mode fibers
(c) Modes at different wavelengths
(d) Cutoff: When does a few-mode lightguide
become a single mode lightguide
1.3 Thesis subject matter and summary of presentation
References
21.1 LIGHTGUIDES
Lightguides are dielectric waveguides which guide electromagnetic 
waves at optical or near optical frequencies. They include optical 
fibers used in communications systems [1] and sensing devices [2-4], 
planar and channel waveguides used in integrated optics [5], and visual 
photoreceptors [6].
The history of the subject has been well documented in many reviews 
[7-10] and standard texts [11-20]. We make no attempt to recount this, 
save to note [21] that in September 1983 the world record in 
transmission distance without repeaters was 161.5 km set using a
Ocleaved-coupled-cavity (C ) laser at Bell Laboratories sending 
information through single-mode fiber at 420 Mb/s.
Despite the rapid technological progress there remain many 
interesting engineering and scientific problems in the theory of 
lightguides. As the technology becomes ever more refined, the level of 
theoretical sophistication required also increases and an appreciation 
of subtle waveguide effects becomes more important. As well as adding 
another perspective to the theory, this thesis tackles some of these 
refinements which relate to single- and few-mode lightguides. Before 
outlining the work we introduce a few terms.
1.2 MODAL DESCRIPTION
"Light" or the electromagnetic field on a lightguide can be 
represented as a sum of bound modes together with a radiation field 
[19], The concept of a mode is motivated more fully, by a way of 
analogy, in the didactic Chapter 2. Reference material regarding modes 
and the electromagnetic theory that provides their mathematical
3description, and their nomenclature is collected together in 
Appendix 2A.
1.2.1 Single-mode lightguides
A fiber is called "single-moded" if it can propagate only one class 
of bound mode - called the fundamental or HE-q  mode. The replacement of 
"multimode" by "single-mode" fibers in plans for long-distance 
communication is by now becoming history [22]. The reduced pulse 
spreading due to having only one mode can further be enhanced by having 
only one polarization of that mode, i.e. single-mode single-polarization 
(SMSP ) fibers. At present the main application of SMSP fibers appears 
to be in sensing devices - anisotropic SMSP fibers are currently subject 
to greater loss than fibers used in communications applications.
The planar and channel lightguides of integrated optics are often 
single-moded as well [e.g. 23], when used in conjunction with fibers, 
one is interested in mode matching for maximum coupling efficiency.
1.2.2 Few-mode lightguides
"Multimode lightguides" is a term that is generally used to refer 
to guides on which such a large number of modes can propagate that ray 
optics provides a good description. By "few-mode" lightguides we mean a 
class "in between", i.e. lightguides which can support more than one 
mode, but sufficiently few that electromagnetic theory is required for 
their description, even though ray optics can provide a very rough 
intuitive understanding of some of their properties, especially when 
combined with plane-wave theory.
4Few-mode lightguides have their own intrinsic fascination as well 
as quantum mechanical analogs. Apart from these, there are a number of 
applications, some of which we now mention.
(a) Visual photoreceptors
It has long been realized that visual photoreceptors are dielectric 
waveguides [24-25]. In fact they are few-mode lightguides [26,6]. 
Chapter 5 is a study of their polarization properties.
(b) Two-mode fibers
The "two-mode” fiber has been studied experimentally (and 
theoretically) by groups at Bell Laboratories [27] and in Japan [28-31]
- see also the theoretical studies in [32-33]. The idea was that by 
arranging the group delays of the first two modes to be equal one could 
still have the bandwidth advantage of single-mode fibers, yet have 
larger core diameters resulting in lower splicing losses and greater 
power coupling efficiency from light sources.
However, at present, the most promising practical application 
appears to be in interferometric sensing devices, e.g. consider the 
recent temperature sensor of McMillan and Robertson [34].
(c) Modes at different wavelengths
Now that fibers are being designed with lower dispersion over a 
larger wavelength range (e.g. the segmented core design) there is 
increasing interest in propagating modes (usually fundamental) at 
different wavelengths (i.e. "wavelength division multiplexing").
5Also there is interest in the Raman generation of a second mode at 
a different wavelength [35-38].
(d) Cutoff: When does a few-mode lightguide become a single—mode
lightguide
Often in this thesis we are concerned with the second mode cutoff 
point - this forms a demarcation between single- and few-mode light- 
guides and thus has received considerable interest in the literature 
[e.g. 39], Understanding second mode propagation properties can prove 
useful in determining their cutoffs [40], Usually a fiber is 
effectively single-moded a bit beyond the theoretical cutoff and thus in 
the "two-mode region" as the second mode is highly subject to bending 
losses there.
1.3 THESIS SUBJECT HATTER AND SUMMARY OF PRESENTATION
Theory of single- and few-mode lightguides: With regard to this
topic, in Part I (Chapters 2 and 3) we set the scene by using analogy 
and one-dimensional examples, both to provide background and to 
introduce some ideas and themes presented later in the thesis.
In particular, Chapter 2 is concerned primarily with how the modal 
theory relates to other physical theories, especially quantum mechanics. 
As well we are concerned with how modal theory relates to ray theory as 
illustrated by classical mechanics as the asymptotic limit of quantum 
theory.
In Chapter 3 we use some one-dimensional examples both to provide 
some perspective as to fiber methods and to make available some suitable 
methods for analyzing planar lightguides. We provide a preview to later
6parts of the thesis with, for example, our concern regarding cutoff, a 
Green function technique and polarization.
In Parts II and III we develop further the modal theory of light- 
guides. The theory of circularly-symmetric, uniformly clad, isotropic, 
single-mode fibers is well understood; one of our main concerns is what 
happens when we deviate from this "ideal system".
In particular, Part II (Chapters 4-6) deals with some specific 
modal properties and types, especially the "splitting" of modal 
properties due to polarization and noncircularity.
In Chapters 4 and 5 we consider polarization effects in few-mode 
lightguides. Chapter 4 is concerned with the theory and fundamental 
quantities. We find that in contrast to polarization effects for the 
fundamental mode, those for the second mode are highly profile- 
dependent. This is related to some interesting degeneracies of the 
"infinite-parabolic" profile which we also investigate. In Chapter 5 we 
consider the application of few-mode polarization effect theory to the 
visual photoreceptor system: we study the direction, wavelength
dependence and magnitude of the polarization dependence of absorption 
"loss".
Chapter 6 is a qualitative study of noncircular lightguides: we
provide an understanding of the order in which modes are cutoff, discuss 
their eigenvalues, note some interesting degeneracies and mention 
polarization splitting.
In Part III, consisting of Chapters 7 and 8, we investigate some 
techniques for analyzing lightguides of arbitrary profile shape.
In Chapter 7 we develop a comparison method which identifies a 
lightguide with well-known properties and relates them to those of the
7profile under investigation. It has a very simple basis and allows a 
straight-forward derivation of the "moment method" which we extend to 
graded core depressed cladding fibers, noncircular lightguides, and then 
some polarization effects. Our main concern is with fundamental mode 
propagation constants and higher mode cutoffs.
In Chapter 8, firstly we extend the moment method to the symmetric 
planar lightguide, and find a number of interesting differences from the 
fiber theory. Secondly, we further develop the theory of equivalent 
step profile fibers: we relate a well known variational scheme to the
moment method and generate some new schemes.
Chapter 9 is a separate entity and considers "latest 
developments". The first part is consistent with the themes of Part I 
and investigates a mechanism for achieving single polarization in 
anisotropic fibers, namely differential bending loss. The second 
develops the theme of Part II: we consider a Green function technique
for lightguides of arbitrary profile shape.
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"Men's labour therefore should be turned to the investigation and 
observation of the resemblances and analogies of things.... for these it 
is which detect the unity of nature, and lay the foundation for the 
constitution of the sciences."
Francis Bacon (1576)
2.1 INTRODUCTION
2.1.1 Purpose
In this chapter our purpose is two-fold.
Firstly we aim to provide a unified connection of the lightguide 
scene to the world with which the mechanics people are familiar, in the 
hope that they can usefully relate their experience to our problems, 
and vice-versa. Here we concentrate on optical fibers, although in 
Sec. 2.2.4 we do mention planar lightguides which are the subject of 
Ch. 3.
The second function is tutorial, i.e. provision of alternative and 
pictorial examples of fundamental concepts. For example, while most 
physics and electrical engineering students are introduced to the idea 
of the quantum mechanical probability field, the electromagnetic modal 
field may be easier to visualize physically.
2.1.2 Analogy
Explanation is a process whereby we relate novel features to things 
that we already know, and analogy is a means of doing this. While 
analogy may not always be the best way of creating science in that it 
can constrain one's thinking, it is often the most efficient tool we 
have. We regard the analogy presented here as the appropriate vehicle 
for explaining fiber-optics to people who are already familiar with 
quantum and classical mechanics.
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The optics-mechanics parallel is a particularly good example of 
analogy providing a symbiotic enrichment of two sciences. As is well 
known: James Clerk Maxwell [1] drew upon a mechanical analogy in the
development of his electromagnetic theory, and later the quantum 
mechanicians borrowed concepts from wave optics. Now we have the 
beautiful example of fiber-optics drawing on a many analogies with 
mechanics, classical as well as quantum. For the future: we hope that 
the fresh outlook in fiber-optics will stimulate further developments in 
mechanics.
2.1.3 Scalar analogy with mechanics of time-independent potentials
The analogy presented here makes use of the fact that the 
refractive-index is independent of distance along most fibers; using 
this we obtain the simplest match with the "first" equations taught in 
quantum and classical mechanics. It is alternative to both: (i) the
traditional optic-mechanic analogy used in electron and neutron [2] 
optics and described, for example, by Born and Wolf [3]; and (ii ) 
"quantum-ray theory" considered in some fiber-optics texts [e.g. 42J.
The difference is considered in Appendix 2B.
2.1.4 Outline
Firstly, in Sec.2.2, we set up the formalism for the scalar 
analogy, thus allowing one to borrow fiber-optics results from mechanics 
and vice-versa. In later sections, we give some illustrative examples 
of analogous concepts with didactic value. For those familiar with 
either field, Table 2.1 provides a preview of the connection between 
fiber optics and mechanics.
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Table 2.1 Fibei^optics ~ mechanics dictionary
Normalized refractive-index profile Potential
ELECTROMAGNETIC OPTICS QUANTUM MECHANICS
Length-independent Scalar Wave Eqn. Time-independent Schrödinger Eqn
Square of normalized propagation Energy
constant
Azimuthal mode number Angular momentum quantum number
Bound modes (discrete) Bound states (discrete)
Radiation modes (continuum) Unbound states (continuum)
Tunneling leaky-mode Metastable state
Local mode Quasi-stationary state
RAY OPTICS CLASSICAL MECHANICS
Normalized axial invariant Energy
Azimuthal invariant Angular momentum
Table 2.2 Fiber parameters
r = (x,y) position in cross-section
A = Vi 1 - n2 /n2 ) ^ cl o
n2(r) = n2{l - 2Af(r)}- o —
no
ncl
p
profile height parameter 
refractive-index squared 
maximum core index 
cladding index 
fiber radius
X  =  2tt X = 2rk wavelength
\(  \ t(x,y)e field dependence
3
V = pk(n2 - n2 /2 = pkn /2A o cl o
U = p(k2n2 - 32 /2 0
propagation constant 
waveguide parameter 
normalized propagation constant
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(a)
0
STEP 
refractive-
index
n(r)
n(r)
Fig.2.1 (a) Optical fiber: the fiber core is embedded in a cladding of
lower refractive-index, which, for theoretical purposes, one may 
effectively consider as extending to infinite r. Light ray trajectories 
in (b) step-index, and (c) graded-index fibers. A ray is bound if
0 <0 where 0 -fl-n2,/n2]^ The refractive indices n(r) are shown on z c c cl o
the right.
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2.1.5 Brief description of light propagation in optical fibers
In an optical waveguide guidance is due to a "core" (Fig.2.1) of 
higher refractive index; it acts as does a potential well in 
mechanics. For ©^<0^ ln Fig.2.1 rays are totally internally reflected 
[4a] and thus bound; larger 0^ corresponds to unbound rays which refract 
or tunnel out of the core. When the product of the fiber radius and 
refractive index difference between core and cladding decreases to the 
order of wavelengths (i.e. when the waveguide parameter V in Table 2.2 
becomes small), we find that the classical continuum of bound ray 
directions is in fact "quantized". Each allowed bound ray direction 
corresponds to a bound electromagnetic mode; unbound rays correspond to 
a continuum of radiation modes. Details regarding modes are given in 
Appendix 2A.
2.2 BASIC FORMALISM
2.2.1 Philosophy of approach
Our problem is basically this: nature provides us with spherical
potentials, well studied in the undergraduate curriculum; how do we 
relate these to a cylindrical fiber? The answer is: (i) treat the
distance z down the length of the fiber as analogous to time in 
mechanics [4b]; and (ii ) consider the transverse field dependence, or 
equivalently the ray projection on the fiber cross-section (two 
dimensions ) as the analog of the behaviour in three spatial dimensions 
of a spherical mechanical system. Thus in both cases we have a central 
field problem. In the classical case a spherically-symmetric potential 
prescribes motion in a plane: thus the problems are the same.
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2.2.2 Length-independent scalar wave equation and time-independent 
Schrödinger equation
For an optical fiber where the refractive index is independent of
the length along it (i.e. z-independent - see Fig.2.1) the longitudinal
i$zfield dependence is e . I t  is usual to ignore polarization effects 
(see Appendices 2A and 2C); then the electromagnetic field dependence in 
the fiber cross-section is given by the scalar wave equation [5]
2An2 2{v2 + ----[^2 - f(r )]}>«£) = 0 , (2.2.1)
A2 v
where symbols are defined in Table 2.1. This may be compared with the 
Schrödinger equation for a particle with unit mass and energy E in a 
time-independent potential V(r_)
{V2 + p l E  - V(jr)]}HO = 0 . (2.2.2)
Thus, Planck's constant, h, plays a role corresponding to A; mechanical 
energy is related to the square of the normalized propagation constant 
U:
E - An2 U2/V2 = \  [n2 - 32/k2] ; (2.2.3)o 2 o
and the mechanical potential corresponds to the normalized profile:
V( r ) - A n2 f( r ) = \[ n2 - n2( r )] .—  o — 2 o — (2.2.4)
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refractive-index
profile
\
normalized potential-energy
profile well
FIBER-OPTICS MECHANICS
Fig.2.2 "Upside-down" correspondence between the refractive index of an
optical fiber and a mechanical potential-well.
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2.2.3 Axial invariant and classical energy
As h-*0 and X->0 we obtain the classical mechanics and ray optics 
pictures respectively. WKB asymptotic theory (Sec.2.5.1) leads to the 
result [6]
3/k + 3 n( r )cosO (r)— z - (2.2.5)
3 is the axial invariant, arising from the z-independence of the fiber 
profile, and related to the angle that the ray path makes with the 
axial direction. Thus we see that the asymptotic form of (2.3) gives 
the correspondence with classical energy:
E - ^[n2 - 32] .2 o (2.2.6)
The ray-projection equation giving x(z), yi z ) may be written in the form
^32{[dx/dz]2 + [dy/dz]2} + An2f(x,y) = n2 - 32] . (2.2.7 )
Comparing this with the conservation of energy equation we find
+  P y J  +  v( x >y) =  E  * (2.2.8 )
and, using the asymptotic correspondence of (2.2.6), we see that for a 
particle of unit mass
_ dxV  dt dy - dyV dF “ e di (2.2.9)
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Thus time is analogous to the longitudinal distance divided by the axial 
invariant
t - z / 3 . (2.2.10 )
Using the above relations one can naturally write the ray equation in 
terms of Newton's equation of motion dp/dt = -7V(x,y) , as pointed out
by Ankiewicz and Pask [7],
2.2.4 One—dimensional model
In order to model fiber properties it is often useful to consider a 
refractive index variation in only one cross-sectional dimension x.
This leads to
{^2 + U2 - V2f(X)} T( X ) = 0 , X = x/p . (2.2.11)
Solutions correspond exactly to both (i) scalar modes of planar 
waveguides, and (ii) one-dimensional quantum mechanics. Tien [8] and 
others have made use of this fact to transfer quantum mechanics 
solutions to planar waveguides. What has not previously been done is to 
take the asymptotic form of this analogy. This exact analogy for the 
behaviour in the x-direction is the alternative to the one-dimensional 
quantum-ray approach (where E - -3 ) reported recently; it eliminates 
the need for the paraxial approximation (Appendix 2B).
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2.2.5 Circular symmetry
2.2.5.1 Quantum analogy: Azimuthal mode number and angular momentum 
quantum number
For a circularly symmetric fiber, the azimuthal field dependence is 
given by cos£<t> or sin£<j) , where l is analogous to the angular momentum 
quantum number and leads to the "centrifugal potential" (£2+l/4)/R2, 
which will prove useful in understanding leaky tunneling modes (Sec. 
2.3.1). This can be seen by considering the equation for the radial 
field dependence F^(R) obtained from (2.2.1) by separation of 
variables:
+ i^k + u2 - v2« r) v r) 0 , R = r/p (2.2.12)
Making the transformation G^(R) R1/2 F „( R ) we obtain
tfi2 + °2 _ v2feff(R)l V R) = 0 (2.2.13)
where the effective profile shape is given by
feff(R) = f(R) + U 2+ |)/(VR)2 . (2.2.14)
Eq.(2.2.13) is the same as the one-dimensional wave equation (2.2.11) 
except that f is replaced by feff which includes a term due to the
circular nature of a fiber. This term is analogous to the "centrifugal 
potential" given in similar quantum mechanics discussions.
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2.2.5.2 Classical analogy: Azimuthal invariant and angular momentum
The asymptotic form of the azimuthal mode number £ is given by 
the WKB result [6]
£ + pk£ (2.2.15)
where the azimuthal invariant is given by
£ = - n( r ) sin© (r) cos0,(r) ,P z <p (2.2.16)
and 0, is 
<P
momentum
symmetric
defined in Figs. 2.5 and 2.7. The connection with angular
is seen by comparing the ray equation for a circularly 
fiber,
p2£2 (2.2.17 )
with the classical equation [9] for a particle of unit mass in a central 
field V(r):
2 P2
Pr E [ftl = 2[E " V(r)] ‘ ~  * (2.2.18)
r2
In general, if a waveguide possesses a symmetry property in its cross- 
section, then, in addition to ß , a second invariant (or constant of 
the motion) may exist. For the circular case this invariant is £
For the non-circular case the question of the existence of a second 
invariant leads to a very interesting and generally unsolved problem in 
modern mechanics concerning regular and stochastic motion: this is
addressed by Ankiewicz and Pask [7] using a topological approach, and in 
fibers has significance concerning the existence of tunneling rays (Sec. 
2.5.3 ).
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2.3 ELECTROMAGNETIC OPTICS and QUANTUM MECHANICS: EXAMPLES
Single-mode fibers are employed, for example, in long-distance 
communications and sensing devices. Both these applications require an 
electromagnetic (EM) analysis. We give some illustrative examples of 
modal effects and their quantum-mechanical (QM) analogs.
2.3.1 EM inodes and QM states
As with quantum mechanics, solutions of the wave equation lead to a
discrete set of bound modes and a continuum of radiation modes
(Fig.2.3).
k2n2(r)
\
- bound
propagating ßrad
evanescent
(a )
- radiation
V2f(r)
Fig.2.3 Modal spectra: Bound modes have a discrete spectrum (- - -)
with k2n2 <32<k2n2 ; radiation modes have a continuous spectrum with cl o
32<k2n2 .^ (Note that radiation modes may be divided into propagating
radiation modes with 0<ß2<k2n2 , and evanescent modes with 32<0 , i.e.ci
3 imaginary. ) The "upside-down" normalization giving 0<U<V for 
bound modes and U>V for radiation modes allows a comparison with 
quantum-mechanical energy level spectra - (see Eq.(2.2.3)). The number 
of bound modes depends on V: here we show the case of two.
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2.3.1.1 Radiation
We do not intend to go into details, but rather to illustrate some 
analogous concepts. The interested reader may like to pursue this by 
comparing Chs.21-26 of the text by Snyder and Love [5] with Ch.ll of 
Merzbacher [10], It is interesting to note that, as an alternative to 
the eigenfunction approach considered here, Green function methods are 
particularly suited to both EM radiation and unbound QM states.
If we choose the eigenfunction world, then the radiation field is 
given by an integral along the real axis [11a] representing a continuous 
spectrum of eigenvalues. To obtain an alternative representation, we 
may use a technique commonly employed in quantum mechanics [lib], i.e. 
deformation of the integral contour into the complex plane. Thus, we 
decompose the integral into (i) a finite sum of leaky mode fields, 
corresponding to discrete, complex poles, and (ii) a space-wave field, 
corresponding to the values of the integral along its path in the 
complex plane. Leaky modes, having discrete eigenvalues, are an 
analytic continuation of bound modes and can be thought of as bound 
modes that are attenuated along the fiber length (since the propagation 
constant 3 has an imaginary part).
Leaky modes are analogous to metastable states in quantum 
mechanics: the fraction of power lost from a leaky mode after traveling
a longitudinal distance z down a fiber corresponds to the probability 
that a metastable state has decayed after a certain time t.
2.3.1.2 Tunneling leaky-modes and metastable states
In Fig. 2.4(a) we illustrate a "W-fiber". Because 3<kn the modecl
radiates, but the depressed cladding acts as a potential barrier and
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(a)
ßbound
ß leaky
kn(n
/ '  centrifugal 
I  potential''
bound
leaky
Fig.2.4 Tunneling leaky modes, (a) W-fiber: 1-d model. (b) Circular
fiber: combining a uniformly clad profile with the "centrifugal
potential" ~ (£2 + V4 )/R2 for a mode with cos£<j> azimuthal variation 
gives an "effective potential" with a depressed cladding, thus 
supporting tunneling leaky modes as in the case of the W-fiber.
thus for r<p the mode behaves like a bound mode. Because of theout
circularity of the fiber, even when the cladding is uniform, energy can 
radiate from a cylindrical surface located outside the core-cladding 
interface (Fig. 2.4(b)). This is due to the "effective barrier" 
provided by the "centrifugal potential" discussed in Sec. 2.2.4. The 
analogous QM effect for metastable states is discussed by Blatt and 
Weisskopf [12].
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2.3.2 Profiles and potentials
In elementary quantum mechanics the time independent Schrödinger 
equation is first solved for a one-dimensional model. As has been 
noted, solutions carry across directly to planar waveguides. Likewise 
the optical fiber problem is the exact analog of two-dimensional quantum 
mechanics. The correspondence with the more commonly solved three- 
dimensional QM is also useful. Examples are given in Table 2.3. Note
Table 2.3 Analogous potentials
2-d Profiles n2(R) Fundamental mode Related potentials
Infinite- n2{l-2AR2} ¥ = expC-l^VR2} Harmonic-oscillator:
parabolic _ 72 same as 2-d,
similar to 3-d.
n2 , R<1;n Jn(UR)/Jn(U), R<1; Square-well:
Step U Y = { U same as 2-d,
n2 , R>1. cl Kq(WR)/K0(W), R>1. similar to 3-d
u j 1(u )/j q(u ) = w k ^ w V K qCw )
that the step profile is the analog of the square-well potential. We
now comment on two other profiles and then consider methods for profiles
of arbitrary shape.
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2.3.2.1 Infinite-parabolic profile and harmonic-oscillator potential
O
The infinite-parabolic profile fiber, f(R)=R , provides a simple 
model for more realistic profiles with a cladding, particularly when the 
field is mostly confined to the core. Qualitatively features are quite 
similar to the three-dimensional harmonic-oscillator of quantum 
mechanics which models, for example, a neutron or proton bound in a 
nucleus. Eigenvalues are given by [3,13]
2
U = 2V(N + 1/2 ) (fiber)
(2.3.1)
E = ftw(N + 3/2) (3-d oscillator).
In both cases N = 2m + £ - 2 , where m=l,2,3,..., and £-0,1,2,... ; 
thus we have the same degeneracy [14] given by V2 ( X N+2 ).
2.3.2.2 Power-law profiles and quark potentials
The three quarks in a nucleon are confined by a potential which is 
small near the center and increases with r; it can be modeled by a 
power law V(r)~r^. Calculations [15] have been performed using q=2 and 
q=3. Whereas the choice of quark potential is somewhat artificial, 
power-law refractive-index profiles are regularly made and are of vital 
significance in fiber theory.
We note that scaling methods have been used both in fiber [16] and 
quark [17] theory. These methods are the wave equivalent of the 
classical principle of mechanical similarity [18] which says that if the 
potential is invariant under a scaling then the energy and thus orbits
scale into one another.
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2.3.2.3 General profiles and potentials
For profiles other than the few with closed form solutions, we may 
use direct numerical solution of the wave equation [19]. However, it is 
appealing to take advantage of solutions already known by using 
variational [20] or perturbation techniques, or simply "equivalent 
profile" concepts. The infinite-parabolic [21] and step profiles have 
been used extensively.
2.3.2.4 Moment methods and shape-independent approximations
"Shape independent" approximations are well known in nuclear 
physics [12]. For low energy cross-section measurements a particle's de 
Broglie wavelength is greater than the nuclear force range, and so 
scattering is not sensitive to the specific potential profile: it can
be described by only two parameters - a "depth" and a "range". Use of 
this concept, introduced by Schwinger [22a] and Bethe [22b], is known as 
"effective range theory", or the "shape independent approximation".
Shape sensitive parameters [23] can be added to obtain greater accuracy.
Likewise with fibers [24], rather than requiring exact knowledge of 
the profile, we may assume some general characteristics of the field and 
obtain a useful comparison between fibers that are equivalent in the 
sense of having the same propagation constant 3. We define moments[25] 
of the refractive index profile:
P  m + 1
N = / [n2(r)-n2 ] r dr. (2.3.2)m ft cl
As a first approximation, we find that fibers with equal "profile 
volume" Nq , have similar properties. Higher order moments, N£ and N4 >
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can increase the accuracy by adding a measure of shape sensitivity. The
fiber profile height (or relative index difference), A ^  > is analogous
to "depth", whereas p  ^ corresponds to the effective range. Both of
ethese can be found when Nq and N2 are known. If the fiber studied has
a step profile, then A and p are equal to the actual profileeft eff
height and radius. Experiments often determine only the range and depth 
of a nuclear potential; similarly some refractive-index measurements 
may aim at finding only the lowest moments, Nq and N£, of the profile.
When is there a bound state? For fibers with a uniform cladding 
such as in Fig.2.1 the first mode continues to propagate down to V=0.
On the other hand fibers with a depressed cladding may have the first 
mode cutoff at a finite value of V. The first moment Nq provides the 
condition [26]. If Nq is negative, as is the case for some W-fibers, 
then as V-K) the fundamental mode will cease to propagate. This result 
has been proved for the analogous quantum mechanical Schrödinger 
equation by B. Simon [27],
2.3.3 Degeneracies, perturbations and level splitting
Symmetry leads some profiles/potentials to support modes/states 
with degenerate eigenvalues. Examples are (i) the infinite parabolic 
profile of Sec. 2.3.2.1 and (ii) circular profiles with a two-fold 
scalar degeneracy if Z t 0 . Perturbation of these ideal cases leads to 
a splitting of the degenerate modes. Inclusion of vector or 
polarization effects also leads to a splitting somewhat similar to the 
inclusion of spin in QM as discussed in Appendix 2C.
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2.3.4 Local modes and quasi—stationary states
If the fiber is not z-invariant but changes slowly along its 
length, then we may use local modes [28]; these are analogous to quasi­
stationary [29] states in QM. This assumes the adiabatic approximation 
which says that for "slow" variation (over a beat length) there is 
negligible change in the power of a local mode, or analogously that a 
slow time variation in potential does not induce a transition between 
states. Faster variation leads to mode coupling, as discussed in 
Appendix 2D.
2.4 RAY OPTICS and CLASSICAL MECHANICS: EXAMPLES
The real applicability of ray optics is to "multimode" fibers, a 
term which generally refers to those that can propagate a sufficiently 
large number of modes for geometric optics (i.e. a continuum 
approximation) to be valid. Nevertheless examples from ray optics do 
give some valuable insight into few-mode problems, just as classical 
examples help to add perspective to quantum studies. We give two 
examples with their own intrinsic didactic value; as well the second 
links the concept of local modes with adiabatic invariants.
Recall that, just as in the "quantized" case where we looked at the 
transverse field in the cross-section of the fiber, the correct 
"classical" approach is to look at the ray path projection on the cross- 
section of the guide: this is the analog of a particle trajectory in a
plane (e.g. as prescribed by a central field). Our analogy is 
particularly valuable here in that two-dimensional classical mechanics 
is a widely applicable and much studied field.
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2.4.1 Closed orbits and precession
There is a beautiful result in classical mechanics (Bertrand’s 
Theorem) [30] which says that the only central fields which produce 
closed bounded orbits are power-laws of the form V(r) ~ rq , where q=2 
(space oscillator) or q=-l (e.g. gravitational or electrostatic 
potentials). In both cases the closed paths are ellipses. For q=-l the 
ellipse has r=0 as a focus, and for q=2 the point r=0 corresponds to the 
midpoint of the foci.
Of course, optical fibers do not have infinite power-law profiles, 
but if we have a ray path confined to a region where the profile varies 
locally as a power-law then we obtain a closed orbit, i.e. for
n2( R ) = n2 + aRq , q = -1, R < R < 00 ; (2.4.1)cl o
or
n2(R) = n2( 1 - 2ARq ), q = 2, 0 < R < 1 . (2.4.2)o
If q differs even slightly from the above values, or a small perturbing 
term is added, then the ellipse precesses [6].
The well-known mechanical example is one of the tests of general 
relativity, viz. the precession of the perihelion of Mercury: the
curvature of space-time due to the sun’s gravitational mass can 
effectively be interpreted as a slight deviation from the inverse square 
force of the flat space 1/r potential. Perturbations due to planets
also contribute to the deviation.
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Fig.2.5 Precession: projection of the ray-path onto the cross-section
of a graded-index fiber with q*2. Note that 0x(r) is the angle that
9
the ray path makes with a line perpendicular to the radial direction as 
shown. The ray path exists between the inner (r=r^c ) and outer caustic 
(r=rt ), eventually filling the whole annulus. The core-cladding 
interface (r = p) is also shown.
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2.4.2 Adiabatic invariant
As discussed in Sec. 2.3.4, variation of the refractive index along
the fiber is analogous to variation of a potential in time. In general
3 and E will no longer be invariant. Nevertheless, if the variation
is slow, then the system will possess an adiabatic invariant [31a]. In
mechanics: for a radially varying potential V(r,t), with slow time
dependence, the constant is the radial action [31b] variable given by
the integral of radial momentum pr over a complete cycle in r. The
fiber version for index n(r,z) is given by noting the correspondence
p ~ k = 3(z)dr/dz from Eqns.(2.2.17 ) and (2.2.18); we require the r r
index to change only slightly in the length between a minimum r^c and 
the following maximum of the ray path (see Fig. 2.5). We note that:
(i) the radial component of momentum corresponds to = kk^, the
radial component of the wave-vector in WKB theory; and (ii) the WKB 
condition for the number of radial intensity maxima, m, (which 
corresponds to the Bohr-Sommerfeld quantization rule) is
j ^  k dr = m + V? • (2.4.3)J r . r Amin
Thus we see that the adiabatic invariant is (m + 1/2 )^  (analogous to
(n+ I )h = E/w in mechanics). It can be used to find 8( z ) for power-
law fibers with slowly-varying radius p(z ) and on-axis index nQ( z ).
(Our emphasis is on fiber-optics as an alternative illustration of the
concept of adiabatic invariance from mechanics; in fact B(z ) can be
found more easily by averaging along the ray path [32].) As an example,
for the step index fiber we find U( z ) = p( z )n (z)sin0 (z) remainso z
constant. Physically, the adiabatic invariant arises from the fact 
that ra must remain an integer even though the refractive index varies
35
slightly along the fiber, ( i.e. we have the same local mode 
(Sec. 2.3.4); the invariant shape of the mode is determined by 
U( z ) = p( z )[ k2n2( z )-32 ] ^  which has kU( z ) as its asymptotic form).
2.5 QUANTUM-CLASSICAL LINK
2.5.1 WKB asymptotic theory
In the limits, A-K) for wave optics and h+0 for quantum 
mechanics, we get ray optics and classical mechanics (Sec. 2.3) 
respectively. These transitions may be obtained asymptotically using 
the WKB approximation (e.g. see Adams [33a] for a summary of the fiber 
case and Merzbacher [33b] for the quantum case).
2.5.2 Ray optics + plane wave theory ** Semiclassical mechanics
For "multimode" fibers where V is large, one approach is to 
consider the WKB form of the modal results, retaining first order 
wavelength effects when necessary. However, particularly from a 
didactic point of view, a conceptually simpler approach is to start with 
ray optics, and build in phase and, when necessary, first order 
wavelength effects via plane-wave diffraction theory. (For example,
Eq. (2.4.3) could be derived by adding phase in the ray path and noting 
a —tt/2 phase change at a caustic. ) This method can provide valuable 
physical intuition in both optics and the analogous mechanics. Semi- 
classical mechanics [34] is valuable when h is not negligible but is 
small enough (in comparison with classical quantities of the same 
physical dimension) for quantal behaviour to be understood in terms of
classical behaviour.
36
2.5.3 Example: Tunneling rays
The ray form of a tunneling leaky-mode is a tunneling ray where 
power is lost on each "bounce" via frustrated total internal 
reflection. The loss could be determined via the WKB method analogous 
to the approach for determining transmission coefficients described in 
Ch.7 of Merzbacher [10]. However the preferred and more intuitive 
approach is to calculate ray tunneling coefficients via plane-wave 
theory ( Fig. 2.6 ).
BUILDING BLOCKS 
1. Classical ray paths (-*—);
2. Tunneling loss (aam 
via plane-wave theory.
Fig.2.6 Tunneling ray: A ray propagating in the core loses a certain 
fraction of its energy on each reflection; thus energy in the core 
decreases exponentially with length. Rays re-emerge beyond the 
evanescent region.
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2.6 CONCLUSIONS
2.6.1 Scalar analogy for z-invariant fibers
We have used the fiber-optic-mechanic analogy in the sense of 
describing a correspondence between the transverse field dependence and 
the projection of the ray path on the cross-section of the fiber.
(i) The normalized refractive index n2 - n2(x,y) plays the 
role of a mechanical potential.
(ii) n2 - (3/k)2 ~ n2 - 32 is analogous to mechanicalo o
energy.
(iii) The longitudinal distance z corresponds to time in 
mechanics via a factor of 3»
Tien [7] has noted (i) and (ii) for the quantum analogy with the one­
dimensional problem of planar waveguides. We have noted that this may 
be generalized to optical fibers, and, most importantly, that in both 
cases the asymptotic form produces a particularly useful correspondence 
between classical mechanics and ray optics. This is alternative to both 
the traditional analogy (suited to media without axial symmetry) and the 
"quantum-ray theory” approach (Appendix 2B).
2.6.2 Extensions
The general formalism for the scalar analogy gives us an exact 
mathematical correspondence. Extensions may involve mathematics that is 
not exactly the same [35], but the analogy may be conceptually useful 
when we include:-
(i) polarization (a vector effect discussed in Appendix 2C );
and
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(ii) z-dependent refractive-index variations: When the
variation is slow we may retain the above analogy using local 
modes analogous to quasi-stationary states (Sec. 2.3.4), and 
the concept of adiabatic invariance (Secs. 2.3.4,2.4.2 ); 
however "coupled-mode theory" (Appendix 2D) is required for 
faster fluctuations.
Regarding the above extensions, a word of caution is in order: 
such analogies are particularly valuable when one is introducing a 
general concept or when one is already familiar with one of the 
fields; otherwise, although interesting, attempts at pushing the 
analogies too far may not be the most efficient method of solving 
problems and providing simple explanations.
2.6.3 Discussion
In general, it is easier to construct a fiber with a given profile 
than to set up the corresponding mechanical potential: thus fiber-
optics may provide a useful model for mechanics. Mechanics continues to 
be of use in fiber-optics: for example, recent developments in non­
circular "multimode" fibers [7] have used and developed similar results 
to those used in galactic motion studies [36] and eagerly await future 
advances in modern mechanics [37], In addition, interesting but 
somewhat artificial problems investigated in quantum theory may take on 
vital significance for fibers. Consider the examples of (i) bound 
states and W-fibers (Sec. 2.3.3.4) and (ii) models for quark potentials 
and power-law profiles (Sec. 2.3.2).
While this chapter has dealt with mechanics, a straightforward 
correspondence also exists with other guided wave and ray fields [38] 
such as acoustics, oceanography, ionospheric and plasma physics (see 
Fig. 2.7 ). These may also be linked to mechanics using the analogy
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Fig2.7 Fiber-optic analogies.
descibed here. We single out one point: in the early history of 
multimode fibers the WKB method was used, whereas the "ray + plane wave 
approach is now preferred, particularly from a pedagogical point of 
view; such a concept is worthy of consideration in other fields, and 
indeed has been applied in acoustics for example.
To conclude: problems with industrial application can be just as
fascinating and challenging as those in the traditional glamour 
fields —  and indeed often preempt results in them; (whether the 
advancement of technology is always a worthy aim is another question).
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APPENDIX 2A. MODES AND ELECTROMAGNETIC THEORY
The concept of a mode represents a fundamental theme of this 
thesis. Accordingly we find it useful to collect together some 
reference material which may prove useful when reading other sections. 
This may be found in various forms in a number of texts. Generally, we 
adopt the approach of Synder and Love [5].
Assuming z-independence of the refractive index n=n(x,y), the modal 
electric field may be written as:
E( x, y, z , t ) = {et.(x,y)+ez(x,y)z}ei^ Z ^  ^ . (2A.1)
where e = e x + e y i s  the transverse component of the field. In the -t x y J
"one-dimensional" case when n=n( x ) we may neglect the y-component 
throughout. The total electromagnetic field is then given by a sum over 
bound modes with discrete values of the propagation constant 3 
together with radiation modes integrated over the continuous range of 
3 in Fig.2.3; modal amplitudes are determined by excitation 
conditions etc. Substituting Eq. (2A.1) into Maxwell's equations gives 
a vector wave equation for the transverse field [5]
{v2 + k2n2 -32} et(x,y) = Pe^ . (2A.2)
where, k = 2tt/A is the wavenumber, X is the vacuum wavelength, and
A A
V2 = x#32/dx2 + y*32/32y is the two-dimensional or transverse 
Laplacian.
Weak guidance approximation: Because of the small dielectric difference
between the core and cladding of many lightguides, especially fibers 
used for communications purposes, we may often neglect the polarization
A,
dependent term, Pe^= -V^Ce^ V^£n nz ) , where y = x 3/3x + y 3/3y •
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{v2 + k2n2 - B2} T (x,y) = 0 (2A.3)
which may be written in the form (2.2.1) using the normalized 
parameters of Table 2.1. From the context it is usually understood that 
we have a two-dimensional problem: thus we often drop the subscript ’t*
from the Laplacian.
1. Scalar modes of circular fibers. We may separate variables:
where Z = azimuthal mode number, and m = number of radial nodes - (See
Z = 0
(2A.4 )
¥L (R’* ) = h m (R) cosil,(> ’ ,ta(R'*) = F*n.(R) > 1 > 1
Fig. 2.8).
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Fig.2.8 Radial part Fn (R) of scalar wave function (see eq.A.4 ); m andJem
£ are radial and azimuthal mode numbers respectively.
2. Example: Step profile fiber - bound modes. The radial field is
oscillating Bessel function in core: J„(U„ R)/J„(U„ )_ / \ r /L icm /v xm
F£m^R ~ decaying Bessel function in claddingtK^CW^^R )/K^(W^m
1/
Eigenvalues u = (V2-W2 /2 , defined in Table 2.2, are given by requiring
t
F„ /F„ to match at the core-cladding interface. For fixed £ this £ m  £ m
can be achieved with different values of U. corresponding to£m
different numbers of radial oscillations (and thus different m).
3. Vector modes. Modal fields e^_ may be synthesized from the scalar 
modes of Eq. (2A.4) as described by Snyder and Young [39]and in 
Table 14-1 of [5]. We give the synthesis of and nomenclature for true
vector modes of weakly guiding fibers in Table 2.4.
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Table 2.4. (a) True vector modes of weakly guiding circular fibers
constructed from the scalar solutions of Eq. (2A.4). Note that 
'F and 'F have cos£<J> and sin£<}> respectively as their azimuthal 
dependence. The 'e* or 'o’ superscripts in the vector mode notation 
(e.g. HE® ) stands for even or odd polarizations and mean that the x- 
component of the transverse field e^. is symmetric or antisymmetric with 
respect to the x-axis. The £,m and p subscripts are the azimuthal, 
radial and polarization mode numbers.
Vector mode P -tp
£=0 : 2 polarizations HE?lm * T0m
m=l: Fundamental HE^ modes
m>2: Other HE. modes lm HE®lm y 'F y Urn
£=1 : 4 polarizations ™ 0 m 1
e ox'F, + y'F, « rlm lm
The "second-mode set” HE®2m 2
corresponds to m=l HE®2m 3
TE0m 4 x'F® + y'F® « <|>lm lm
£>2 : 4 polarizations 1 **lm+
HE® 2 x'F® - y'F®£+1 , m £ m " £ m
o
HE£+1,m 3 x'F® - y'F® £m y £m
EH® 4 o ex'F® + y'F;£-1 ,m £m y £m
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Table 2.4 cont.
( b ) Linearly polarized pseudo-modes
Pseudo-mode
£.=0 : 2 polarizations
Z>1 : 4 polarizations
Linearly polarized or LP pseudo-modes Table 2.4(c) are obtained when£m
the scalar modes are multiplied by x or y , and are a useful 
representation when the fiber is slightly noncircular (Ch.6) or 
anisotropic (Appendix 2D, Sec.9.2). However on perfectly circular 
fibers the true vector modes are not linearly polarized for Z>1 . If 
"an LP mode is launched" on a circularly fiber then this corresponds to 
a combination of true vector modes which propagate along the fiber with 
slightly different group velocities due to the polarization splitting 
discussed in Ch.4 and thus we get a "beating" with the field pattern 
changing along the fiber. Nevertheless the term LP is often lossely 
used in the literature to refer to the mode set with the given Z and m, 
e.g. LPj^ refers to the "second mode" set in Table 2.4(a).
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4. How is a mode related to a ray? — Caustics.
For higher order modes, which we can picture in terms of rays, the
oscillating field region occurs between the inner and outer caustics
(Figs.2.5, 2.9(a)). For the step, the ray eventually fills the annulus
r . = pcosO,<r<p , and it can be shown that the inner caustic min (p
corresponds roughly to the first inflection point of the field [40]
rather than the maximum as is sometimes thought.
Fig.2.9 Ray-mode correspondence in a step-index fiber, (a) Ray-path 
projection onto fiber cross-section, (b) Scalar field for a mode with 
Ä>0, and the number of radial nodes, m, equal to 5.
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APPENDIX 2B. COMPARISON WITH TRADITIONAL AND QUANTUM-RAY ANALOGIES
In the traditional optic-mechanic analogy (discussed in general by 
Born and Wolf [3], Goldstein [7], and Mannheim [41] in a recent article, 
and in the context of neutron optics by Klein and Werner [2] ) the 
refractive index n is analogous to momentum p=/2m(E-V ). This allows a 
direct comparison in three spatial dimensions, and is the analogy used 
in electron and neutron optics.
For optical fibers one can make use of the z-independence of the 
refractive-index to compare with mechanical motion in two dimensions.
We consider two approaches.
1. Our philosophy
In presenting the mechanical analogy as a simple tutorial tool, our 
aim is to start by considering the behaviour in the fiber cross-section 
and obtain the most convenient match with the "first" equations 
encountered in undergraduate mechanics, i.e. Schrödinger's and Newton's 
equations.
2. "Quantum-ray theory" [42]
Another interesting approach is to start by considering the 
correspondence between Fermat's principle in optics and Maupertuis' 
principle in mechanics. While there is some arbitrariness in the match, 
z~t would appear the simplest, (although one could equally well follow 
our choice z/ß~t ). This leads to some resemblance with a relativistic 
point particle. Then one says that the paraxial approximation is 
equivalent to the non-relativistic approximation to obtain a paraxial 
Hamiltonian analogous to a non-relativistic one. Upon quantization one 
then obtains an analogy between the z-dependent scalar wave equation and 
the Klein-Gordon equation of relativistic QM. Thus one obtains an
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analogy between the z-dependent paraxial wave equation and the time- 
dependent non-relativistic Schrödinger equation. This approach is most 
suitable when the refractive-index is z-dependent. If one then assumes 
z-independence one obtains E - -3/k . However for z-invariant
fibers we are not interested in the time dependent QM analogy, and the 
approach used, which avoids the need for the paraxial approximation is 
the simplest for tutorial purposes.
APPENDIX 2C. POLARIZATION
When one includes polarization [43] each scalar mode is replaced by 
two vector modes. This "polarization splitting" is related to inclusion 
of spin in quantum mechanics, although it should be stressed that the 
exact mathematical details are different (e.g. Kapany and Burke [44] 
have noted the connection of vector modes with spin; Klein and Werner 
[45] have also discussed the link between light polarization and neutron 
spin).
There are some interesting similarities between the deuteron and 
the Snyder-Riihl [46] single polarization fiber. A deuteron consists of 
a proton together with a neutron. The fact that these particles have 
intrinsic spins means that there are two possible states, with 
potentials differing from each other because of the spin-spin inter­
action. Likewise anisotropy (nx*ny ) in an optical fiber causes the two 
polarization states to be different in character. In the deuteron case, 
when the neutron and proton spins are parallel, we have the "triplet" 
state - this is (weakly) bound. When the spins are antiparallel ( the 
"singlet" state) we have a metastable or "virtual" state [47], In the
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anisotropic fiber the "x-polarized" mode is bound, but the "y-polarized" 
mode faces a refractive index profile which is lower everywhere and thus 
has a propagation constant which can cause it to be leaky. Such a fiber 
should be useful in sensing devices and in apparatus where a fixed 
polarization input is required for an integrated optics component.
APPENDIX 2D. COUPLING
In general, perturbations along the length of a fiber, such as 
variations in core diameter or differential absorption, cause intermodal 
coupling. When two fibers are alongside of one another, we can also get 
coupling between the modes of the fibers, but it is generally 
insignificant unless the parallel fibers are almost identical. For
weak coupling these cases have been dealt with using coupled mode theory 
[48].
Many students of physics have observed the oscillations of two 
coupled mechanical springs. The two oscillation modes of the system are 
the sum and difference of the modes of the individual springs, and this 
causes the energy to be transferred from one spring to the other and 
back again - thus there is a certain "beat" frequency [49]. We give two 
interesting optical analogs of this phenomenon.
1. Two parallel near identical fibers [50]
If only one fiber is excited, then the power in the system swaps between 
the fibers at regular intervals, as the system modes are the sum and
difference of the individual fiber fundamental modes.
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2. Few-mode anisotropic fibers [51]
In an anisotropic fiber we can have fiber modes which are the sum and 
difference of an x-polarized LPq  ^ mode and a y-polarized mode when
the propagation constants are the same. The intensity contours take the 
shape of a four-leaf clover, and fiber polarization changes from being x 
directed to being y-directed after a beat length; this alternation 
continues along the fiber.
Although this stage of the problem can be treated by a conceptually 
simpler formalism, it is of interest to note that, to treat fiber 
coupling, Krivoslykov and Sissakian [52] have introduced groups 
corresponding to: (i) cylindrical symmetry, and (ii) the harmonic
oscillator (infinite-parabolic) symmetry (which results in the 
aforementioned (Sec. 2.3.2 degeneracy). They obtain coupling 
coefficients analogous to the Franck-Condon overlap integrals [53]. To 
obtain the analogy with QM coupling is the one case where we do require 
the paraxial approximation.
f
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3.1 INTRODUCTION
Having seen how lightguide studies fit into the more general 
context of physics it is now appropriate to focus our attention on how 
this thesis fits into the study of lightguides themselves. To lay the 
foundation for later work, we consider lightguides which have a 
refractive index variation in only one direction (x in Fig. 3.1).
3.1.1 Why study the one-dimensional problem?
(1) Planar waveguides are used in thin film and integrated optics 
technology [1,2].
(2) They also provide the large eccentricity limit of fibers with non­
circular cross-sections (see Ch. 6).
(3) Properties: Planar lightguides provide a simple building block for
understanding some of the properties (see Part II of this thesis) of 
lightguides with a refractive-index variation in both cross-sectional 
dimensions (e.g. optical fibers and rectangular lightguides).
(4) Methods of analysis: The question of modal dependence on planar 
lightguide profile shape is of interest in problems such as mode- 
matching between optical fibers and planar lightguides. Many techniques 
developed for optical fibers may be applied straightforwardly. Because 
of the brevity of results, the one-dimensional case provides a simple 
overview and comparison of methods which serves as a valuable guide for 
the two-dimensional case, and thus a basis for Part III of this thesis.
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3.1.2 Outline
Firstly, we set up the scalar electromagnetic wave equation 
formalism. Then we consider methods of solution: in Sec. 3.2 we
discuss some exact solutions for specific profiles, one of which we use 
in the following sections (3.3 - 3.4) to test methods for general 
profiles. After reviewing the methods in Sec.3.5, in Sec.3.6 we 
consider the inclusion of polarization as a preview of Ch.4. Then we 
examine a one-dimensional model of a visual photoreceptor as a preview 
to Ch.5.
3.1.3 Methods of analysis for general profiles - comments
We concentrate on solution for the modal eigenvalue and field for a 
general profile shape. Once these are known one can determine many 
quantities of physical interest, such as group velocity, dispersion, 
absorption and power acceptance, using standard formulae [3] which at 
most may involve numerical integration.
Different methods serve different purposes. However, from a 
practical point of view we find the following:
(1) the shooting method of Sec. 3.3.1 provides the most straightforward 
procedure for finding "exact" numerical solutions;
(2) the moment method (see Ch. 8 for the one-dimensional form) provides 
a highly accurate approximation involving only simple formula 
evaluation.
Discretization methods: Numerical solution may be obtained by
discretizing the wave equation in differential form: for example, we
consider a particularly simply formulated shooting method; Ramaswamy
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and Lagu [4] use the fourth order Runge-Kutta method. Alternatively one 
may convert to integral equation form and then discretize as in the 
Green function methods of Sec. 3.3.2. Both of these approaches are 
exact in the limit as the discretization length tends to zero.
Variational methods: In principle, these also converge toward exact
answers as the number of variable parameters in the trial field solution 
is increased, as in the Ritz-Galerkin method used by Meunier et al. [5]. 
However, restricting the number of variable parameters may lead to 
approximation methods that are highly accurate. For example in Sec. 3.4 
we concentrate on the Gaussian approximation, a one-parameter 
variational method; the moments method considered in Ch. 8 is related 
to a two-parameter variational method.
In practice: With the shooting method combined with an extrapolation
procedure as in Sec. 3.3.1, we may increase the number of discretization 
points until we obtain an answer that is "exact" to within the 
computational machine accuracy. However, the integral equation and 
Ritz-Galerkin methods lead to matrix problems: with these, rounding 
error and a CPU time increase proportional to the cube of the matrix 
size provide significant limitations on the achievable accuracy; never­
theless matrix methods can provide information about many modes 
simultaneously, although the error increases significantly for higher
order modes.
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3.1.4 Wave equation
We assume the waveguide is length (z) invariant and hence has
i 3 zlongitudinal field dependence e . Thus our problem reduces to a 
description in one dimension (x):
2
{—--- f k2n2(x) - 32}t(x) = 0
d x2
(3.1.1)
(a) Symmetric guides: For a guide of width 2a with maximum "core"
index nQ and cladding index nc ,^ as in Fig.3.la we define the parameters
V = k a/(n2 - n2^) ; U = a/(k2n2- 32); W=/(v2 - U 2) . (3.1.2)
Then it is often useful to consider the normalized forms of (3.1.1)
d2{-—  + u2 -  v2f (x)} iKx) = o (3.1.3)
d2{--- + V2s(X) - W2} iKx) = o (3.1.4)
2 2 2 2
where n2(X) = n {l - 2Af(X)} = n 1 + f n  - n nls(X) and X = x/a. o cl o cl
(b) Asymmetric guides: The usual convention is to consider a guide of
width a as in Fig.3.lb. In practice X=0 often represents an air inter­
face with n -1 . We define parameters as in Eq. (3.1.2), and thus3.
retain the wave equation in the above forms (3.1.3, 3.1.4). In addition 
we define:
2 2 2 2 
ka/[n - n ) ; W =a/(32 - k n ) (3.1.5)
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n'cO n\x)
— • n,
r\ormali ^ e-d dUs^orvce.
(a) Symmetric (b) Asymmetric
Fig. 3.1 Planar lightguide nomenclature: The refractive index
variation is in one dimension (x) only.
o 
r*
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3.2 ANALYTIC SOLUTIONS FOR SPECIFIC PROFILES
3.2.1 Known results
We will require some results as reference solutions for the methods 
in later sections. In Appendix 3A we summarize results for the step, 
infinite parabolic, and hyperbolic secant (sech) profiles. The sech 
profile is one which has not been greatly emphasized in the past. 
Although the general solution involves confluent hypergeometric 
functions [6] or Legendre functions [7] which are not readily available 
on many computers, the fundamental mode solution (Adams [9] ) is 
extremely simple.
Most other previously obtained solutions are listed in the text by 
Adams [8] and Snyder and Love [3].
3.2.2 Novel analytic results 
(a) Clad powei^law profiles
We define clad power profiles to have the form:
fXq , 0 < |x| < 1
f(X) = J (3.2.1 )
L 1 , 1 < Jx| < «
Adams [8] has given the power-series solution for the clad-parabolic 
(q=2) case. It is straightforward to generalize this to integral values 
of q. To solve for arbitrary values of q, we follow the method of Love 
[9] for the fiber case: the trick is to note that, for all practical
purposes, the exponent can be expressed as a rational number q=p/s,
swhere p,s are integers. Making the transformation X = £ , we obtain
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{—  + ( 1-s ) } t t  + —  [U%2s- v V S+P]}*U) = 0, 0 < X < 1. (3.2.2)
d Z2 ^ ^ Z2
Substituting a power series of the form ~ £ a Z , and equating
n=0 n
coefficients of Z , leads to the field in the "core". Thus
t(X) = ( E a X(Ä+n/s)} / £
n=0 n=0
0 < X < 1 ; (3.2.3a)
i|»(X) = exp {W( 1-X )} 1 < X < °° ; (3.2.3b)
where
1 0 for even, i.e. TE_ , modes2m
* = 1
 ^ 1 for odd, i.e. TE , modes2nrrl
we choose a0 = 1 , and find
(3.2.3c)
2ms ( 2m+£-1X2m+£ ) ( 2m-2 )s, m=l,2,... for n = 2ms < 2s+p;
(3.2.3d )
n (n+( £-1 )s)(n+£s)  ^ n-2s-p n-2s(v2a 9 - U2a ? for n > 2s+p; (3.2.3e)
a = 0 , otherwisen (3.2.3f )
Eigenvalues are given by requiring continuity of d^/dX at X=1
W = - { ä + £ n a / £  a} ;
_i ^  ^n=l n=0
v2 ;u2 + w2 (3.2.4)
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where an=an(V,U). At cutoff, W=0. Substituting into the eigenvalue 
equation we deduce that U = VCQ satisfies
00
E a U  + n) = 0 . (3.2.5)
-n n n=0
Numerical results: To obtain an idea of the number of coefficients
required to obtain a certain accuracy, and the computation time 
dependence, the reader is referred to Table 3.1.
Table 3.1 Accuracy and CPU time of POWER-SERIES solution for planar 
symmetric clad-parabolic profile lightguide eigenvalue for V=2.0 and an 
increasing number of terms in the power-series. Brent's zero-finding 
algorithm (Brent [17] ) was used with bounds for U being taken as
min 1.3 and Umax 1.4.
*4—<0o U Error(%) CPU time
coef f t s . ( sec)
10 1.361 -2.50E-01 0.008
20 1.3644983 8.17E-06 0.014
30 1.3644982347318 -2.30E-11 0.018
36 1.3644982347321 6.10E-15 0.021
38 1.3644982347321 0.00E+00 0.023
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(b) Double infinite-parabolic profile
A number of planar waveguide solutions have been obtained by noting 
that the wave equation (3.1.3) has exactly the same form as the one­
dimensional Schrödinger equation [10]: consider the Pöschl-Teller
profile, for example. One profile that has not been studied in the 
context of planar lightguides is the double infinite parabolic, defined 
by
This profile could be used as a model for (i) profile dips, and (ii ) 
coupling between parabolic waveguides, as pointed out by Thyagarajan et 
al. [11] in the fiber case. Following the idea of Ch. 2, we make use of 
the quantum—mechanical analogy with the double oscillator potential 
given in Ch. 5 of Merzbacher [12], and find that the solution for TEm 
modes is
, 0 < Jxj < 00 (3.2.6)
iKX) = < (3.2.7 )
where D^( z ) is the parabolic cylinder function [Abramowitz and Stegun,
, 2 2 l/0
Ch. 19]. Eigenvalues U = p k n - 3Z J z are given by:
K o
(3.2.8a)
where the v ’s are the solutions of
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Dv (- (2V)1/2 xd ) = 0 , even modes
Dv (- (2V)1/2 Xd ) = 0 , odd modes
(3.2.8b)
3.3 "EXACT" NUMERICAL SOLUTION FOR GENERAL PROFILES
We concentrate on planar lightguides with uniform cladding 
refractive index n(x) = ncl for X > Xg. For fibers with nonuniform 
index extending infinitely far into the cladding, Anderson, et al [14] 
have developed a technique which involves transforming the scalar wave 
equation to a finite interval before discretizing; this could be 
"extended” to planar lightguides.
3.3.1 Shooting method
We follow the approach of Killingbeck [15] for quantum mechanics 
and Sammut and Pask [16] for optical fibers.
(a) Symmetric guide eigenvalues: Consider the wave equation (3.1.1):
replace the derivative by a central difference approximation using a 
step-size h,
h V ’(X) = K X  + h) + iKX - h) - 2t(X) , (3.3.1)
and introduce the stepping function S( X ) by
t(X + h) = S(X)iRX) , i.e. \KX - h) = \p(X)/S(X - h) . (3.3.2)
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This leads to a first-order difference equation, or stepping relation, 
for S:
—  
S(X) = 2 + h2[v2f(X) - U2 ] - 1/S(X - h) (3.3.3 )
For a symmetric guide we solve for X > 0 and have the initial 
conditions^
h2S( 0 ) = 1 - -y—  (u2 - V2f( 0 )) , jstart = 0: even modes; 
S(h) = 2 - h2(u2 - V2f(h)) , jstart = 1: odd modes.
(3.3.4)
For a guide with uniform refractive index n=nc  ^ beyond Xq , we know that, 
in the outer region, ^ is proportional to e ~ ^  where W = (V2 - U2 ) ^  . 
Matching the values of on either side of X=Xq then gives us a
second boundary condition
S(X0 ) - 1/S(X0 - h) = -2hW (3.3.5)
Thus, fixing h = X0/jraax , the eigenvalue U is given by finding the zero 
of the following simply generated function:
function f( U )
j:= jstart; Sl:= Initial condition ;
repeat {step out to boundary}
j:= i + 1; X:= jh ;
SO:= SI; S1:= Stepping relation
until j = jmax;
f:= SI - 1/SO + 2h/(V2 - U2 )
WeT use an obvious pseudo-Pascal computational notation with 
jstart and jmax being the starting and maximum values of j 
respectively, etc.
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Many zero-finding algorithms are available: we use Brents method [17]
which requires bound Ura-^n and Umax between which the eigenvalue U 
satisfies f(U ) = 0.
(b) Symmetric guide cutoffs: These are given by making the
replacements
u = vco ; W = 0 ; (3.3.7 )
in the above equations, and finding the zero of f(Vco).
(c) Asymmetric guide eigenvalues: We make the following replacement in
the above procedure:
Initial condition:
s(0) 1 + hW + -£- [v2 f (0) - U2]; j start = 0.
(3.3.8 )
(d) Asymmetric guide cutoffs: Cutoff occurs when the effective
index 3/k equals the larger cladding index. Thus for n > n , inC JL 3.
addition to Eq. (3.1.7) we require the replacement 
, 2 2W = /fv - v ) . (3.3.9 )
We may either (i) fix the "normalized inner profile height" Va cq and 
find the corresponding "normalized outer profile height" VCQ at which 
cutoff occurs, or (ii) fix the lightguide structure given by n , n .
cL O
ncl, and hence the ratio VcQ/Va cQ, and then find VCQ and thus the
cocutoff wavelength X
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Ce) Extrapolation improvement: There is one major refinement pointed
out by Sammut and Pask [1980] which dramatically improves the accuracy, 
i.e. the standard "extrapolation to the limit technique". Let U(jmax) 
be the eigenvalue calculated with discretization length h = Xg/jmax , 
and repeat the calculation using 2jmax and 4jmax steps giving rise to 
U(2jmax) and U(4jmax), respectively. The error terms in h2 and h4 are 
removed by using the formula
U = {64U(4jmax) - 20U(2jmax) + U(jmax)}/45 (3.3.10)
(f) Discussion: Recently a number of schemes have been proposed for
determining the eigenvalues of asymmetric planar light guide. It is our 
contention that the above shooting method provides the simplest method 
for "exact" numerical evaluation of eigenvalues. The trivial 
prescription is: (i) substitute the initial condition (3.3.8) and the
stepping relation (3.3.2) into the algorithm (3.3.6), (ii ) find the
zero, and (iii) extrapolate. In addition the field is given by 
including Eq. (3.3.2) in (3.3.6).
The accuracy and required CPU time on a VAX 11/780 are given in 
Table 3.2.
3.3.2 Green function method
In this section we convert the scalar wave equation to an integral 
equation involving a Green function and show that the Green function 
corresponding to a step profile presents a more efficient method of 
obtaining a given accuracy than use of the traditional 'free-space'
Green function.
7 1
Table 3.2 Accuracy and CPU time of SHOOTING METHOD for symmetric clad- 
parabolic planar profile with V=2.0 and an increasing number of steps. 
Brent's algorithm was used directly to find the zero, without 
calculating the field; the bounds for U were taken as Um;£ri = 1.3 and
Umax 1.4.
(a) WITHOUT EXTRAPOLATION
No. of 
steps U Error(%) CPU time ( sec)
2 1.35 -9.69E-01 0.0065 1.362 -1.25E-01 0.00910 1.3641 -3.01E-02 0.01320 1.36439 -7.46E-03 0.02650 1.36448 -1.19E-03 0.060100 1.364494 -2.98E-04 0.118200 1.364497 -7.44E-05 0.246500
Exact 1.36449811.36449823 -1.19E-05 0.776
(b ) WITH EXTRAPOLATION: the shooting method with The extrapolation involved using jmax, 2*jmax and 4*jmax steps.
4* jmax U Error (%) CPU time
( sec)
8 1.364497 -1.15E-04 0.03116 1.36449821 -1.55E-06 0.06132 1.3644982344 -2.19E-08 0.11864 1.364498234727 -3.33E-10 0.161100 1.3644982347318 -2.20E-11 0.199128 1.3644982347320 -7.20E-12 0.352Exact 1.3644982347321
(a) Integral equation
We rewrite the wave equation (3.14) in the form
y(x) = {di_
dX2
2
+ Vusu(x) - w2} iKx)
2
-  vpSp(x>|)(x) (3.3.11)
where Sp( X ) represents a perturbation from some unperturbed or reference 
profile shape su(X) as in Fig 3.2 i.e.
V2s( R )  = V2s (R) + V2s (R) = a2k2(n2(R) - n2 ) u u p p cl
and we choose the maximum values s,s (and s if it is a step) to beP u
+1. Inverting, we obtain the integral equation
KX) 2V
P
/ G( X, £; V2 s ,W )s U M O U  u u u p 
p
(3.3.12)
where the integral is over the perturbation region, and G(X,£;V2 s ,W )u u u
is the Green function satisfying
L G( X , £ ) = -<5(X-£)
Ä
We develop G for various reference profiles
(3.3.13 )
su(X) in Appendix 3B.
( b ) The problem
For a given profile shape su (corresponding to with a known
Green function) we specify W, and by solution of the integral equation
2
(3.3.12) we obtain V and i|; , as in Fig.3.2. Iteration, using Brent'sP
zero-finding algorithm then leads to W as a function of V . Thus to
obtain W for the clad parabolic profile with given V (i ) in Fig. 3.2(a)
we would iterate until V2 = V2 , and (ii) in Fig. 3.2(c) we would
P
2 2 9iterate until -V = V = Vz . We now solve this integral equation via 
P u
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a2 Vc'n2
A
a'K'rf
*1
(a\ Flat reference profile 
■sj$) = 0, -oo<Y,<oo.
CU .Asymmetric -Jvat ref. profile 
10 , x>o.
(C) Symmetric Slep 
reference pro^Oc 
*5^00 ~ f 1 • t
L O  , 1 < X ^
(ch A sym m etric  a>tep
r e f e r e n c e  p r o f i l e
a>u.O0 = r \ - v * / v l ,M  j I ,
) 3
Fig- 3.2 Green function method. The reference profile is denoted by 
the full bold line, the total profile by the dashed bold line, and thus 
the perturbation profile is given by the difference.
matrix methods which we later generalize to noncircular fibers in Sec.
9.3.2.
(c ) Solution of integral equation
We discretize the integral to obtain
t(x. ) = v2 I G(X 5. V . s  a  .)«£, ) 
P j = o  J J P J J
(3.3.14)
where Wj are suitable weighting factors. (We use Simpson's rule - 
however e.g. Gaussian quadrature could be used to reduce the number of 
points required for a given accuracy). We then symmetrize, by defining
M. . = /w.s (X. ) G(X. ,£. ) /w.s U .  ) 
ij i p i  i J J P J
(3.3.15)
and
<J>. = /w.s (X.) iK X . )l l p l l (3.3.16)
to obtain
(3.3.17 )
We thus have the matrix equation problem (M - AI ) <J> = 0 where <j> is a
vector over all discretization points, and A = 1/V2 and I is the unit
P
matrix. Having symmetric matrices greatly simplifies the computation,
although it does require that V2s be of the same sign throughout the
P P
integration region. (Note that we choose the sign of V2 such that Sp is 
positive. )
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(d) Discussion: Choice of Green functions
The usual case considered is the "free-space" Green function for a 
flat reference profile [e.g. 18]. However our development of the Green 
function for a step reference profile in Appendix 3B avoids having sp 
change sign for a more general class of profiles, including those with 
cladding depressions as in Fig. 3.2(c),(d). Alternatively, in the fiber 
context, Hussey [19] got around the problem by a conceptually more 
involved transformation of the original equation.
In Table 3.3 we compare the accuracy using the "free-space" and 
step Green functions and note considerable improvement in the step case. 
The major determining factor for the CPU time is the matrix size; the 
more complex Green function results in only a small increase in time. 
Note also the previous studies have used the full vector approach 
resulting in a matrix three times as large - if weak guidance is 
applicable then it is certainly an advantage to use the scalar
approximation.
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Table 3.3 Accuracy and CPU time GREEN FUNCTION method for a symmetric 
clad parabolic planar lightguide with V=2.0 and an increasing number of 
integration points N^nt_. The bounds for U were taken as were Um^n =1.3 
and Umax = 1.4, i.e. a range of 0.1.
I a ) 'FREE-SPACE' GREEN FUNCTION: The integration region
for the Green function was X = -1.0 to X = 1.0.
Nint U Error(%) CPU time ( sec)
7 1.314548 -3.7 0.11
9 1.337732 -2.0 0.14
11 1.347691 -1.2 0.22
17 1.358064 -0.47 0.56
21 1.360400 -0.30 0.91
33 1.362905 -0.17 2.79
41 1.363480 -0.074 4.89
65 1.364101 -0.029 16.85
81 1.364244 -0.018 31.49
Exact 1.364498
(b) STEP GREEN FUNCTION: Each time 6 iterations 
were needed. Thus if we were merely solving the 
inverse problem of finding the waveguide with the 
given W then that would take 1/6 the time.
Nint U Error(%) CPU time
( sec)
3 1.367068 0.19 0.03
5 1.361135 -0.25 0.09
7 1.362934 -0.11 0.11
9 1.363605 -0.065 0.19
11 1.363922 -0.042 0.26
17 1.364272 -0.016 0.69
21 1.364353 -0.010 1.17
33 1.364441 -0.0039 3.48
41 1.364462 -0.0024 6.13
65 1.364484 -0.00076 20.68
81
[act
1.364439
1.364498
-0.00037 38.22
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3.4 VARIATIONAL METHODS AND 1-D GAUSSIAN FIELD APPROXIMATION
Snyder [20] has shown that the Gaussian approximation provides a 
simple description of the fundamental mode of optical fibers. We 
develop the one-dimensional form, after providing some commentary on 
variational methods which are further developed in Ch. 8.
We multiply the wave equation (3.1.3) by and integrate over the 
infinite "cross-section" to obtain the stationary expression
/  { v 1 2 f (X ) i | i2 -  t  } dx
U2 = - --------------- --------- . (3.4.1)
CO
/ i|)2dX
— oo
Given the exact ^ , this is an exact expression for U. However from the 
variational principle we know that even a poor guess for ^ may lead to a 
good estimate for U. Moreover, if we substitute a trial field which 
depends on variable parameters, then minimization with respect to those 
parameters can lead to a very good answer for U. The real art of 
obtaining high accuracy with minimal computation involves choosing a 
good form of trial field.
(1) Linear dependence on variable parameters: The usual Rayleigh-Ritz
N
recipe [21] is to use a trial field of the form (x) - I at}) (x)t n n nn=0
and solve the matrix problem resulting from the set of algebraic 
equations 8U/3an= 0 . For N ->- 00 and <J) (x ) forming a complete set,
this is, in principle, exact. Adams [8] has given an example of its 
application to planar lightguides.
In passing we note that the Ritz-Galerkin method presents a related 
but simpler formulation. It has been discussed in general by 
Kantorovich and Krylov [22] and applied to planar lightguides by Meunier
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et al. [5] who claim it is computationally less expensive. If the wave 
equation is L^=0 then the method involves solving the set of algebraic
CO
equation resulting from / {l ^ } <j) dx=0 where we again have
N -oo c m
ip = £ a cf> ( x ) and <t> (x) form an orthonormal set.t A n n nn=0
(2) Nonlinear dependence on variable parameters: Alternatively, we may
approximate ^ by using the field of a profile with a known analytic 
solution (see Appendix 3 A ). One or two variable parameters may be 
sufficient. For example, equivalent step variational methods are based 
on using ^ for some step defined by two scaling parameters, namely the 
step profile height and step profile width; the moment method of Ch. 8 
is a related way of choosing these parameters. In this section our 
concern is with the Gaussian approximation, a one-parameter variational 
method based on the fundamental mode field of the infinite-parabolic 
profile being a Gaussian.
Gaussian field Approximation: We take as our trial field
\Jj — = e
- i  ( X/X0 )2
and obtain
U2 = 4“ ”  f f(X) e 
/irXr 0
-( X/X0 )2
dX + (3.4.2)
k0 * 2X§
where the optimum spot size, Xq , minimizes (3.4.2) and thus is found by 
taking 9U2/9Xq = 0 :
-( X/X0 )2
—  = X0 / f(X) {2( X/X0 )2 - 1} 
2V2 0
(3.4.3)e dX
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As examples, in Table 3.5 we give results for step and Gaussian profile 
waveguides. We note that the step spot-size has also been obtained in 
[3, Ch. 17] as the large eccentricity limit of the step elliptical 
fiber. In analogy with the circular cross-section case, one could also 
obtain expressions for suitably defined smoothed-out profiles.
Part of the beauty of the circular (two-dimensional) case is that 
the integrals (involving rdr instead of dx) have particularly simple 
analytic forms for a number of profiles: for planar (one-dimensional)
waveguides the integrals are less convenient, and the step profile 
requires the solution of a transcendental equation (albeit a very simple 
one ).
Table 3.5 Gaussian approximation for the fundamental modes of some 
one—dimensional profiles
Profile function 
f( x )
Eigenvalue
u 2
Equation for spot-size, 
xo
Step
Profile
0, X < 1
1, X > 1
V2cerf( ) +
o 2X2o
X2 £nf 2X V2//7 ) = 1 0 ^ 0
Gaussian y 2 v 2 { i - ( i + x 2 ) 1/2}+ 1
° 2X2o
v2 x4 = ( x2 +  i )3/2o oprofile 1 - e X
I o
gC
CP
Ut
 Lm
e)
80
3.5 SURVEY OF METHODS: DISCUSSION
For circularly symmetric fibers the wave equation also reduces to a 
one variable problem. The question of how the modal eigenvalues and 
field depend on profile grading has been a well worked problem with many 
people using their different "pet" methods. The purpose of previous 
sections has been to develop methods for planar lightguide and in so 
doing provide a guide as to what to use for circular fibers.
Q
Note that a log (accuracy) of 8 represents
i o
an accuracy of 1 part in 108.
Shooting method
Shooting method + extrapolation 
(The increase at the end of the curve is 
due to the machine rounding error.)
log (accuracy) = -log (error) 
10 10
Fig. 3.3 Comparison of methods.
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3.6 POLARIZATION
Given scalar mode solutions, we show how to construct vector modes 
to arbitrary order of accuracy in terms of the profile height parameter, 
A . This generalizes ideas of Snyder and Young [1978].
When one includes vector, or polarization, effects for planar 
lightguides with profiles n(x), then one has two sets of modes.
(1) ¥!m modes have their electric field polarized in the y-direction
and ey satisfies the scalar wave equation (3.1.1).
(2) TI^ modes have their magnetic field polarized in the y-direction; 
thus the transverse component of their electric field is in the x- 
direction; ex satisfies
{“—  + U2 - v2f(x )} ex = ~ {ex ^  £n n2} . (3.6.1 )
dX2
By straightforward manipulation of the wave equations for TE and TM 
modes one obtains
2
^TE
e 77 U n  n2 )dX x dX
/ e e dXy x
(3.6.2)
Perturbation approach: While there are quite a number of scalar, and
thus TE, analytic solutions there are only a few TM solutions. However, 
for n^ - n lightguides, the right hand side of (3.5.1) is small, and 
TM solutions are given in terms of scalar solutions to a good 
approximation. Applying the Snyder-Young [1978] approach to planar 
lightguides gives the lowest order field components and eigenvalue
correction as om Table 3.6.
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Table 3.6 Polarization: Snyder-Young approach applied to planar
lightguides. ^,3 and U are solutions of the scalar wave equation
e( x )e
~ dx
= U + AU
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In addition, the other basic requirement for deducing polarization
differences in quantities such as absorption and the fraction of modal
power in the core is the difference in field magnitudes. We find this
by expanding Eq. (3.5.1) in terms of A, i.e. e = E _ Ane^n  ^ ,x n=0 x
° ° n ( n )  (1)U = ^n=Q A U , etc. the resulting equation for ex is solved by the
standard methods of reduction of order and variation of parameters to
give
/ {— -—  / XIF^ 1 ^  dX"}
X’ ty2
(3.6.4)
where
XI) -2U „ ( 1 )  ,U \|> + (ZX- 41-}
In cases involving degeneracies, or for large profile height, A , 
one may be interested in higher order corrections. Arbitrary order 
corrections given by formula evaluation may be obtained by iterating the 
above process as described in Sec. 4.2.
84
3.7 ASYMMETRIC OUTER-CLAD SLAB AS A FIRST MODEL FOR PIGMENT GRANULE 
MOVEMENT IN VISUAL PHOTORECEPTORS
We now consider a one-dimensional model of a two-dimensional 
lightguide cross-section. The motivation is to understand the essential 
physics involved in the migration of pigment granules up to the core of 
a visual photoreceptor [23-26] as depicted in Fig. 3.4(a) and modeled in 
Fig. 3.4(b).
3.7.1 Bound mode fields and eigenvalues
Previous studies: The three-layer asymmetric slab, which forms the
d/a=l limit in Fig.3.4(a) is a standard structure studied, for example, 
in the texts by Marcuse [27] and Adams [8], Several other multilayer 
slabs are also reviewed by Adams [8]. In particular a four layer slab 
similar to that in Fig.3.4(d), expect that nint > noc-^ rather than 
nint = ncl» is a structure that has been investigated with regard to the 
large optical cavity (LOC) laser [8, Sec.2.6] and metal-clad waveguides 
for which the fourth layer has complex permittivity.
Mathematical details: For our asymmetric depressed cladding
structure, with n^nt = nc  ^ < noc-L, it is straightforward to determine 
expressions for fields and eigenvalues. These are given in Table 3.6 
together with expressions for cutoff, the asymptotic form for large V 
and the normalizations required to give the fraction of power in the 
various regions of the structure.
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Fig. 3.4 (a) Schematic cross-section through ommatidium of an
inverebrate (e.g. fly [24,26] or Musca [25]) showing eight sensory 
photoreceptor cells with their attached tubular rhabdomeric structures. 
Pigment granules in the visual photoreceptor migrate towards the 
rhabdomere in the light adapted state [e.g. 23]. (b) We model the 
rhobdomere by a fiber core with the pigment granules corresponding to an 
outer-cladding of higher refractive index n  ^ • (c) Then, in turn, we
consider a "one-dimensional model of that situation - this corresponds 
to an asymmetric outer-clad slab with refractive index shown in (d).
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Table 3.7 Asymmetric outer clad slab: parameters and scalar mode properties
Refractive indices are as in Fig.3.4(d) and D=d/a .
(a) Parameters: Vi = kafn2 - n2 ]
K co cl'
1/2
U = a(k2n2 - ß2) ^ 2 wx = (v? - u 2 ) 1/2 CsTsI>IICM5 - u 2 )
Cb) Scalar field: \p(x) Region
[ cL cosU - c2sinU]exp(w1(X + 1)} -CO < X < -1 [ cl]
c^cosUX + c2sinUX > -1 < X < 1 [ co]
[c3exp(-W1x} + c^  exp jwx x} > 1 < X < D [ int ]
[c3 exp{-Wjd } + c4exp(w1D}] exp{-W2(X-D )} D < X < oo [ocl]
Field coefficients: Cl = arbitrary, c2 = cl[wx-UtanU]/[u+WitanU]
c4 = C 3
Wi" W2 -2WiD
Wx+ w2 e c3
[cisinU - c2cosU](U/W)e 
~  Wx- W2 2WX(1-D) 
^  ™ W!+ W2 6 1
(c) Eigenvalue equation:
U(Wi + gW2 )
tan( 2U ) = ------------
U2 - Wi(gW2 )
where
gw2 = Wj(l - A )/( 1 + A)
Symmetric limit: Asymmetric limit:
D Wj = W2 D = 1
tan( 2U)
2UWi
u2wf tan( 2U)
U( W^+ W2 ) 
U2- WiW2
WL- W2
exp{ 2Wj( l-D )}
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Table 3.7 continued
(d) Cutoff:
where W2 = 0
Symmetric: 
where = 0
Asymmetric: 
where W2 = 0
2 co
mu
2
1 r„ 1+B i+ — arctanjC-----}
1-BC2
mu
V2co = T~ + 7 arctan^c ^
v = /(i+c2) v olco 2co
where
2Wl(1-D)
1-e
l+e2Wl(1-D)
2 2 n 1" n iocl cl
n n . co ocl
N.B. This is not 
the D+00 limit with 
only W2=0.
1/2
(e) Large V limit: - W2 - V (m+1 )tt/2
(f) Normalizations and power fractions: Note N . = 7 jregion 2 2regionwhere the regions of integration are as defined in (b).
i\)2 dA
cl 4Wl
2
—  {aicosU - a2sinü}
Nco
a?
2 fl +
sin2U
2U
sin2Ui 
2U J
Nint 4w7
-2W! D a£ 2WiD
! J + « 7  te
2WX
e } + a3a4(D - l}
2 "W lD W lD 2 
focl = 4 ^ la3e + ai+e t
N = N + N + N. + N 00 cl co int ocl
Fraction of power in core = n = N /N ,co 00
Fraction of power in outer cladding = hQc  ^= N , etc .
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Numerical solution of the eigenvalue equation: To avoid the
possibility of division by zero when solving the eigenvalue equations 
that arise in lightguide theory it is often convenient to write them in 
the form f(U) = 0 where f(U) is a continuous function. Thus we rewrite 
the eigenvalue equation in Table 3.6(c) as
f(U) = 2UWlCos(2U) - [U2(l+A) - W2( 1-A)] sin(2U) = 0 , (3.7.1)
except for (Wj + W2 ) = 0 . We then use Brent's method with bounds given 
by cutoff, V2co, and the large V limit, , or more simply Umin = nnr/2 
and Umax = (m+l)u/2 for a TEm mode.
Note that, as well as lowering U, inclusion of the outer cladding 
has the effect of raising the cutoff and thus narrowing the range of 
U. In Fig. 3.5 we plot U for a range of modes in the symmetric and 
asymmetric slab limits. In Fig. 3.6 we examine the effect on U of 
changing the distance of the outer cladding from the core. In Fig. 3.7 
we examine the effect on the distribution of power.
3.7.2 Power excitation
We now examine the effect of the outer cladding on the power 
accepted by the lightguide. From [Snyder and Love, Ch.20] we-have the 
excited modal power in terms of the normalization N of Table 3.7(f) as
P (0) = n (— )1/2 I* I2m CO^Po 'a - N m' 0
where, for incident field E the modal amplitudes are
a = / E e dx/2N m y y °— OO
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3.00
Fig. 3.5 Eigenvalues of some TE^ modes of (i) the symmetric slab and
(ii ) the asymmetric slab with n , = 7- f n + n 1 .ocl 2 v co cl'
Fig. 3.6 Eigenvalue for the TEq modes of the asymmetric outer-clad slab 
with (i) d/a = 1.0, i.e. the asymmetric slab limit, (ii) d/a = 1.5, 
and (iv) d/a = 4.0. On the give plot case (iv) is indistinguishable 
from the symmetric slab limit, i.e. d/a = Dfc.
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(a) Core
d/a =
d/a =
(b) Outer cladding
Fig. 3.7 Fraction of TEq mode power in (a) the core and (b) the outer 
cladding of the asymmetric outer-clad slab with different d/a as in 
Fig.3.5.
For uniform plane-wave illumination over the core with angle of
ikx0 .
incidence 0 , we take E = e 1 and thus
1 y
I sin(ak0 - U) sin(ak0.- U)
a“ X llClt 1C2) ak91~ U + (c-- lc2 > > •
Numerical results: First, in Fig.3.8 we plot power acceptance in the 
symmetric case showing how higher order modes have greater excitation 
efficiencies for larger angles of incidence.
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Total
Fig. 3.8 Modal Power Excitation for symmetric, slab with V = 4.0 for 
uniform power illumination over core.
Next, in Fig. 3.9 we examine the effect of including the outer cladding
at various distances d/a with the V's in the few-mode region. Then, in
Fig.3.10 we vary the V values and see that the effect of including the
outer cladding at the core interface is to reduce the total power
"half angle" to near the asymmetric slab complementary critical angle
9 =cos *(n _/n ) rather than 0 =cos *(n J n  ) . The effectc2 ocl co cl cl co
requires a few modes; it is negligible in the single-mode region.
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d/a=l.
0.0ü 20.00
Fig. 3.9 Total power excitation for asymmetric outer-clad slab, with 
Vi - 4.0 and V2 = 2.83 for varying angles of incidence 9 and some 
different values of d/a.
rg -
2-
6
~6
. . .
► » ►
► ►► ► ► ►
(i) symmetric
(ii) asymmetric
&  fa <7 fa fa _
Fig. 3.10 Total power half angle: Angle of incidence at which the
total power excited is half that for on-axis incidence, (a) Uniform
plane wave illumination over core. In each case we show results for (i)
the symmetric slab and (ii) the asymmetric outer-clad slab
with n = .I fn + n ) and d/a=l, i.e the asymmetric slab limit, ocl 2  ^ co cl'
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3.7.3 Absorbing outer cladding
Absorption leads to complex forms of the previous results which are 
obtained using with complex refractive indices and fields - We omit the 
details. The complex eigenvalue equation could be solved by first 
splitting it into two real nonlinear equations as in Appendix 3C. 
Alternatively, we obtain direct numerical soltion using the downhill 
method [28] - However, note that for much less than Vr, as is 
usually the case, perturbation theory gives very adequate results as 
shown in Fig.3.11.
-1 0-4 - i c f 3 i  -H i'2 - 10"1 - 1 .0
v2
Fig. 3.11 Complex eigenvalue solutions for fundamental mode: Example
showing agreement between (i) "exact” values for determined by 
numerical solution using the downhill method [28], and (ii) those 
determined by perturbation theory, for jv^J < 1 . Note 
V[ = 4.0, Vi = 5 x io " 4 , vj = 2.83 and d/a = 1.
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The effect that making the outer cladding absorbing has on the 
relative angular dependence of acceptance is not great for a single 
mode. However, for a few-mode lightguide the effect can be significant 
(Fi8-3-12(b)) because of preferential absorption of higher order modes.
i2.ee
Fig. 3.12 Absorption and power acceptance
Ca) Effect of core and cladding absorption on power acceptance by a 
single-mode lightguide with uniform illumination over the core. We take 
the real waveguide parameters to be in the single-mode region, i.e.
V! ~ 1*5, 1,5 > c°nsider imaginary waveguide parameters
Vl 5 10 3nd Vz = 0,0> ~0-1• -1*° . and take d/a = 1.0. Then we
plot the relative power accepted PC 8^)/p(0) as a function of angle of 
incidence 8t . Note that the calculation uses "exact" complex
eigenvalue equation solutions. However the effect on the acceptance of 
a single mode is small.
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-8.00 -4.00 0.00 4.00 8.00
I n  (OCocl)
Fig.3.12(b) Effect of outer-cladding absorption on acceptance by a few­
mode lightguide. We take vf = 4.0, V2 = 2.83 . Then we plot the total 
power half angle ^^/2 (i,e* t i^e an§le °f incidence at which the total 
power accepted is half that for on-axis incidence) against
2logarithmically increasing outer-cladding absorption a , = 2kn , whereocl ocl
is in ym . Note that ^^/2 ^roPs to fhe fundamental mode half 
angle. Thus we can get a significant effect in the few-mode region.
This is due to greater "absorption" of higher order modes which have 
larger half angles, i.e. they have their modal fields spread further 
into the absorbing outer cladding.
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APPENDIX 3A PLANAR PROFILES WITH SIMPLE ANALYTIC SOLUTIONS
Table 3.7 we list some simple modal solutions for planar 
lightguides, which may be used as the basis for variational and 
perturbation solutions. For example: (1) the infinite parabolic forms
the basis of the Gaussian approximation of Sec. 3.4; (2) the step
solution forms the basis of the moment methods in Ch. 8.
The reader is referred to Adams [8] and Snyder and Love [3] for 
general solutions for most the profiles with analytic solutions.
Table 3.7 Symmetric planar lightguides: Some useful wave equation
solutions
:of ile, S( X ) Mode Field, iK X) Eigenvalue
Core Cladding
:ep Even ( e.g. 
fundamental) cosUX/cosU
-w( | X J -1 ) W = UtanU
L,0<X<1 
), 1 <X<°° Odd (eg 2nd ) sinUX/sinU
e
W = -UcotU
if inite- 
irabolic 
- X2
Fundamental
2nd
General
-VX2/2e
2 V1/2X e-VX2/2
H (V1/2X) e"VX2/2 n
u = v1/2 
1/2U = (3V )
U ={(2n+l )V} 1/2
ich
ch2X
Fundamental i>sech 'x W=U2= y{(4V2+l )1/2-l}
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APPENDIX 3b GREEN FUNCTIONS FOR PLANAR LIGHTGUIDES
The Green function for the flat reference profile su(X )=0 is the 
well-known ”free-space" Green function for the modified Helmholz 
operator, [Morse and Feschbach, 1953]
Herein we develop Green functions for the symmetric and asymmetric step 
profiles; these are useful (i) because the actual profile is often
the same sign for depressed cladding profiles.
The reader whose interest is merely in evaluation is referred to 
the boxed equations. The actual development acts as tutorial in the 
construction of Green functions (for piece-wise continuous profiles). 
Note that it brings out the dependence of the Green function on the 
domain of definition: in this one-dimensional case on the semi-infinite
domain [0,°°] we have a degree of freedom which allows us to split into 
even and odd solutions; this is not the case with the doubly-infinite 
domain [ -°°,°° ] .
(a) General specification of the Green function
The general form of the Green function G(X,£) satisfying 
Eq. (3.3.13) is given by the standard solution [Arfken, 1970]
(3B.1 )
well approximated by a step, and (ii) they allow one to keep Sp(X) of
X < £ ;
(3B.2 )
L - j yi(S)y2(X) X > £ ;
with the Wronskian given by ^ Y1Y2 - Y1Y2 , where and
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1) Y i  satisfies the "lower" boundary condition (i.e. at X=0 for 
symmetric problems and X = - 00 for asymmetric problems), y2 satisfies 
the "upper" boundary condition (i.e. at X = °°) ; and
2) both yi,y2 and their first derivatives are continuous.
We now determine yi,y2 and thus A for the symmetric and asymmetric 
steps.
(b) Green function for symmetric step on [0,00] .
Consider the Green function (on the semi-infinite domain) for the 
operator corresponding to a step reference profile, i.e. for
LX i 0 < X < 1
1 < X < 00
(3B.3)
We require one solution of the homogeneous equation which satisfies the 
boundary condition at X=0 that y^ be finite. Since both sin and cos are 
finite the general solution is an arbitrary combination of them. We 
thus impose an extra condition: that y^ be symmetric or antisymmetric
corresponding to even and odd modes respectively. Thus the even 
solution is
r cosUX 
1 cosU y 0 < X < 1 y
Yl(x) =  <
-wx , wxe + a^ e
i -w w ^e + a^e
i
y 1 < X < 00 y
(3B.4 )
where
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r W  cosU - U sinU i -2W 
sinU + W cosU ' 6
The odd solution is given by
sinUX 0 < X < 1sinU
1 < X <
(3B.5)
where
Wsin U - U cosU 
Ucos U + W sinU
The solution which is zero at infinity is
r cosUX + b sinUX n £ Y C 1cosU + b sinU
y2(X) = -
-W(X - e 1) 1 < X < °° ;
(3B.6 )
where
U sinU - W sinU 
U cosU + W sinU
The Wronskian constant is given by
A = U sinU - W (3B.7 )
Notes on solution: (1) When the step eigenvalue equation is satisfied,
then A=0 and the solution "blows up" as expected. (2) For the Green 
function on the doubly infinte domain [-00 , 00 ] , we are not at liberty to 
choose an even and odd solution: the boundary condition at X = 
determines a particular combination of sin and cos.
(c) Green function for planar asymmetric step on [-00 , 00 ] .
Consider the operator
We require yi(-°°) = 0 and y2(°°) = 0 . Thus solutions which, together 
with their first derivatives, are continuous are given by
(3B.8 )
1 < X < oo
< X < 0;
Wi
yi(X) = cosUX + —  sin UX 0 < X < 1 ; (3B.9 )
-W(X-l) W(X-l)
I cie + c2e 1 < X < oo ;
and
-« < X < 0 ;
y2(X ) = S c5 cosUX + c6 sinUX 0 < X < 1 ; (3B.10)
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A lso
A = -  2W c2 ( 3 B . 1 1 )
The c o n s t a n t s  c a r e  g iv e n  by
t  K 1 -  i r  ) cosU + + i t ) s inU l
C2 = \  {C1 + ) cosU + ( j p  “  f ) s i n U l
1 W w
C3 = 2 K 1 ” W~  ^ cosU  +  " v H  s i n U J
a a
, W W
c4 = \  { ( !  “  y -  ) cosU + (y  -  sinU}
W WC5 = cosU + — sinU , and Cß = sinU + — cosU
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APPENDIX 3C ON THE SOLUTION OF THE COMPLEX EIGENVALUE EQUATION FOR THE 
ASYMMETRIC OUTER-CLAD SLAB
For the case of absorption and thus complex V, rather than 
attempting direct numerical solution of the eigenvalue equation (3.7.1) 
we may split it into real and imaginary parts (denoted by superscripts 
r and i respectively). We thus obtain two real functions require to 
be simultaneously zero. They are
X nr ,.i\ r r i i , i r i i f (U ,U ) = g! c - gi c + gi s - g2 s
£1(Ur,Ui) = i r gl c - r 1 4.gl c + g2 s
r r
+ g2 sX
where
c = cos2U = cos2Ur cosh2UX - i sin2Ur sinh2U
s = sin2U = sin2Ur cosh2UX + i cos2Ur sinh2U
r2 r. r . . r2gl = {(Ur - U1 XI + Ar) - a u ^ A 1 - (Wf - wi ) (A - Ir) - 2wfwiA1}
9 .2 • • 2 -2 . .
g2 = {(U - U1 ) (1 + Ar) - 2UrU1A1 - (wf - Wi ) (1 - A) - 2wfwiA1} ,
r i i i 2A = { exp( g3 )/h3} {[h]_cos( g3 ) + h2sin(g3 )] + i[hisin(g3 ) - h2cos(g3 )]} ,
g3 = 2Wi(l - D) + i(2WX(l - D))
hi = (Wi - w 2 ) (Wi +  w 2 ) +  (wi - w 2 ) (wi +  w 2 ) ,
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h2 = (Wf - W2 ) (Wi + W2 ) - (Wi - W2 ) ( w[ + wj )
• 2
I13 = (Wi + W2) + (Wi + W2 )
Note also that for j = l,2
r , 2 2. V? , 1 2 2 > i , 2 2, l/o ,1 2 2W - |V - U | z cos(-2 arg(V^ - U )], U = |V^  - U | sinf-j arg(V^ - U )J
2' V2= (Vr2+ vi 
V J J!v u I r2U + Ui2)1/2, 2 2 2(VrV^ - U V )arg(V - U ) = arctan{ 7 J 32---ZZ----r}v: - VT - U + U J J
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PREAMBLE
General equations are found which determine arbitrary order vector 
corrections to the scalar wave equation for circularly symmetric 
fibers. The higher order corrections are of particular interest when 
there is a degeneracy at lower orders, and are also required to increase 
the accuracy for large numerical aperture fibers. The TEom and TMQm 
modes are the ones for which an excitation-dependent polarization 
splitting occurs. These modes have corrections to all orders determined 
by knowledge of the scalar solutions: we obtain expressions suitable for 
computer algebraic evaluation. Explicit polarization splittings are 
found for the infinite-parabolic and clad power-law profiles.
4.1 INTRODUCTION
In Sec. 1.2.2 we alluded to the interest in higher order modes
(а) in visual photoreceptors, which we study in Ch. 5, and (b) in the 
"two-mode" fiber [1-3] which has been used as an interferometric sensor 
[41.
Polarization effects in "single-mode" fibers have been the subject 
of much recent interest - e.g. see the reviews by Kaminow [5], Rashleigh
[б] and Rashleigh and Stolen [7], Also, one mechanism for obtaining 
single-mode single-polarization fibers relies on coupling to a higher 
order mode which is leaky [8]. What of the polarization effects for 
higher order modes?
For the fundamental mode there is a polarization dependent 
difference in the propagation constant only for non-circular or 
anisotropic fibers. In contrast, for the "second mode" set, when vector 
effects are included, there is a polarization splitting even on a 
perfectly circular, isotropic fiber, as depicted in Fig.4.1.
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^ n d a ^ e a t a l
iVVi^mtucies arvJ dUc-cct ions Pi -sp-uii
depenci cn V  ^ 2md. Qre SC^ t-WMVTlC ONL'-J . S u b j e c t  crj Cw
F i g . 4 . 1 ( a )  R a d i a l  f i e l d  dependence  f o r  f i r s t  two s c a l a r  modes o f  a 
c i r c u l a r  f i b e r ,  ( b )  P o l a r i z a t i o n  " s p l i t t i n g "  due t o  ( i ) f i n i t e  p r o f i l e  
h e i g h t  A ( t h e  s u b j e c t  o f  t h i s  c h a p t e r ) ,  and ( i i )  n o n c i r c u l a r i t y  -  
( e c c e n t r i c i t y )  -  s ee  [1 1 ,1 2 ]  and C h .6 ,  and n o t e  t h a t  n o n - f u n d a m e n t a l  
s c a l a r  modes a r e  s p l i t  i n t o  two by n o n c i r c u l a r i t y  even  w i t h o u t  t h e  
i n c l u s i o n  of  p o l a r i z a t i o n .  Note a l s o  t h a t  t h e  fu n d am e n ta l  mode c o n s i s t s  
o f  two p o l a r i z a t i o n  s t a t e s .  The " second"  mode c o n s i s t s  o f  f o u r  
p o l a r i z a t i o n  s t a t e s  c o r r e s p o n d i n g  t o  t h e  TEq j . tm^ ,  HE ° j and H E ^  v e c t o r  
modes. The ' o ’ and ' e '  n o t a t i o n s  c o r r e s p o n d  t o  modes w i t h  t h e  x -  
component of  t h e  e l e c t r i c  f i e l d  b e in g  odd o r  even  ( i . e .  a n t i s y m m e t r i c  o r  
s y m m e tr ic )  w i t h  r e s p e c t  t o  t h e  x - a x i s .  The TE01 mode i s  "odd p o l a r i z e d "  
and the  TM^ mode i s  "even p o l a r i z e d " ;  t h e  T E ^ / T M ^  p a i r  e x h i b i t s  a 
p o l a r i z a t i o n  s p l i t t i n g  of  p r o p a g a t i o n  c h a r a c t e r i s t i c s  even on p e r f e c t l y  
c i r c u l a r  f i b e r s ,  whereas  t h e  HE21 mode e x h i b i t s  no p o l a r i z a t i o n  
s p l i t t i n g  between th e  odd and even p o l a r i z a t i o n s .
no
Recall from Appendix 2A, especially Table 2.4, pp.43-44 that the 
"second-mode" set has (£m) = (11) and is often referred to as the LP^ 
mode, although on circular fibers the true vector modes 
(HE^ »HE^ ,TEQ1 ,TMq1 ) are not linearly polarized.
Regarding higher order polarization corrections: (a) our primary
interest is when they lead to a splitting of the properties of a 
degenerate mode - e.g. we require third order field corrections to see a 
difference in the standard expression [9] for the absorption co­
efficients of the TE01 and TMq  ^ modes of the infinite-parabolic fiber;
(b) we may require higher order corrections to increase the accuracy in 
fibers of large numerical aperture: even when the corrections are small, 
when taken over a large length of fiber they can become significant.
Outline: In this chapter, we look at higher order modes with
emphasis on the "second mode" polarization modal corrections. We 
generalize the infinite parabolic and clad power—law first order 
polarization corrections for the fundamental mode to modes of arbitrary 
order. Thus together with the step profile results of Snyder and Young 
[10], we now have polarization corrections for a range of profiles, and 
are in the position to examine the role of profile shape for higher mode 
polarization effects. Although, for the fundamental mode the step 
result may be scaled to obtain approximate polarization corrections for 
other profiles, we find that "second" mode polarization effects are more 
profile dependent.
The standard excitation problem considered in Chapter 5, with a 
fiber endface illuminated by an off-axis light beam with the electric 
vector polarized parallel or perpendicular to the plane of incidence (x- 
z) leads to "even or odd polarized" modes respectively. (Recall that
Ill
even or odd refers to symmetry or antisymmetry of the x-component of the 
electric field with respect to the x-axis. ) The corresponding pairs of 
odd and even polarized modes for which there is a polarization splitting 
in propagation properties are the TEQm and TMQm modes. For the TEQm 
modes the field corrections are zero; whereas for the TMQm modes we 
obtain explicit corrections of arbitrary order in terms of the zeroth 
order field. These are of particular interest in the case of the 
infinite parabolic profile which has the afore-mentioned degeneracy. 
Simple analytic expressions for polarization differences are obtained. 
Nevertheless, the algebra required is somewhat unwieldy, and so the 
computer algebraic package REDUCE [10] is used.
4.2 GENERAL FORMALISM
In this section we develop a general algorithm for determination of 
polarization corrections. The reader whose main interest is in the 
physics and specific profile solution may prefer to skip to Sec. 4.2.3 
and then 4.3.
We take a perturbation approach [11,12] expanding in terms of the 
profile height parameter, A = (l-n^/n^ )/2 . Recall that, given 
solutions of the scalar wave equation (SWE), one can construct weak 
guidance vector mode field solutions as in Appendix 2A. These 
correspond to solutions of the vector wave equation (VWE ) expanded to 
zeroth order in A . Given these, we now develop an iteration procedure 
for determining solutions to arbitrary order in A . We firstly 
concentrate on the general forms of equation, making explicit 
constructions available in tabulated forms contained at the end of this 
chapter after the references p.125, for when they are required for the 
purpose of calculation.
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4.2.1 Field correction equation
We start with the exact vector wave equation, Eq. (2A.2), which we 
write in the form
Le = F (4.2.1)
where, writing the refractive index is n2(R,4>) = n2 { 1—2Af( R,<j> )} andco
using the standard normalized parameter of Table 2.2, p.15 we have
2 2 
L = Vt + U2 - V2f , F = - pV [e • pV £n n2] (4.2.2 )
Expanding all terms in powers of the profile height A i.e.
Z A"u(n) , e = Z Ane(n) , V 
n=0 n=0
“ 0n
£ne = - Z An —  fn 
n=l n
(4.2.3)
and equating coefficients of A , we obtain the nth order vector wave 
equation, VWE^n \ for the field corrections e^ _n  ^of the form
(n) _ J n ) f (0)Tn0ui; - ( n-1 ) TT( 0 ) .AtihL0!t ~ F (et , ... et , U , ..., U J .T( n > (4.2.4)
We now give the procedure for determining
4.2.2 Eigenvalue/propagation constant corrections
Starting with the exact and zeroth order VWE, Snyder and Young [11] 
obtained an integral expression for the difference between the exact and 
zeroth order eigenvalues (U and  ^ ) respectively:
fA [Yj-’ej.0 ^ ]et«Vt£ne dA
CO
S e - e ( 0 ) dA A -t -t
u2 -  u(0)2 (4.2.5)
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Again, expanding all terms in powers of the profile height, A , and 
equating coefficients, we obtain expressions for the modal eigenvalue 
corrections of the form
U(n) = l/n ^ (e^° \ ..., e(tn_1), l/°\ ... U( n_1)) . (4.2.6)
Explicit constructions: Terms in the above Eqs. (4.2.4) and (4.2.6) are
given in Table 4.1(a,b) for general n, and explicit constructions are in 
Table 4.2.(a,b). The expansion for the propagation constant 6 is then 
given in terms of n ^ in Tables 4.1(c) and 4.2(c).
4.2.3 General algorithm
Starting with solutions of the zeroth order VWE, Loe^^=0 , we now 
have an algorithm for generating terms of arbitrary order as shown in 
Fig. 4.2.
Stage 1 merely involves straightforward formula evaluation.
Stage 2 requires the solution of Eq. (4.2.4), but reduces to 
formula evaluation
(a) if(4.2.4) is separable, as is the case for TMQm modes below, or
(b) if the Green function of the operator Lq is known.
In the latter case e^n  ^= where Lq  ^ = / d£j G(r,£) and
G(r,£) is the Green function. In Sec. 9.3.2 we give G for the operator 
corresponding to a step profile: this has proven useful in determining
anisotropic fiber polarization corrections [13]. Using a derivation 
similar to that outlined in Sec. 9.3.2 one could also obtain G for clad 
power-law profiles^. However an infinite-parabolic Green function
Firstly one requires a second solution to the radial form of the 
scalar wave equation which may be obtained using the standard series 
form of reduction of order given as Eq. 8.73 of [14].
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n=n+l
STAGE 1
STAGE 2
Fig.4.2 Algorithm for determining polarization corrections to 
arbitrary order.
115
satisfying the boundary conditions cannot be constructed by such 
methods.
Alternatively, for the first order field correction of an arbitrary 
mode, Sammut et al. [12, Eq. 39] have given an expression in terms of 
the complete set of bound and radiation modes, but this can lead to some 
rather involved contour integrals. For the TEQm modes the field is
A
polarized entirely in the azimuthal direction <J), all correction 
coefficients are zero, and thus
4> e(0) T(0) [f(n) 0, n > l]
(4.2.7 )
C n ) ( n ) ~
For TM modes, we find that F = F ' r , and the field is polarized om ’ — r
entirely in the radial direction r . Hence via the standard procedures 
of reduction of order and variation of parameters [15,16] we obtain
(4.2.8 )
Thus, for the TMQm modes, given zeroth order solutions, we may generate 
corrections to any order using simple formula evaluation in the 
algorithm of Fig. 4.2.
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4.3 SPECIFIC PROFILE SOLUTIONS 
4.3.1 Infinite-parabolic profile
The original fiber study of this profile was given by Kurtz and 
Streifer [17]. Scalar solutions and first order eigenvalue corrections 
are tabulated in [9].
(a) Why the infinite parabolic?: Previous interest in the infinite
parabolic has centered on this profile because: (a) it is the only
fiber profile with explicit closed form solutions in terms of elementary 
functions; (b) it gives the large V solution of the clad-parabolic 
profile; (c ) it forms the basis of the Gaussian field approximation 
[18,19] for general profiles; and (d) in a wider context it is the 
analog of the ubiquitous harmonic oscillator potential in quantum 
mechanics.
In terms of symmetry, we find the infinite-parabolic particularly 
interesting because of its different degeneracies. The "2m+£" 
degeneracy for scalar (£,m) modes is a well-known text-book example 
[20]; this is broken as soon as there is a deviation from the parabolic 
shape of the profile. Our concern is with some curious polarization 
degeneracies. Sammut et al. [12] noted a degeneracy in the first order 
propagation constant polarization correction for TEq  ^ and TMq  ^ modes. 
Hashimoto [21] recently gave an asymptotic (large V) analysis and 
remarked upon the breaking of this degeneracy as an unsolved problem; 
we show how to split it, as well as that of some absorption 
coefficients, by inclusion of higher order terms.
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(b) Results: As well as the above, we find it intrinsically
interesting to down solutions for the infinite parabolic. Using the 
formalism of Sec. 4.2, we find polarization dependent eigenvalues and 
fields given in Table 4.3. From these we deduce polarization properties 
given in Tables 4.4 and 4.5. Note the simple forms of the polarization 
differences.
4.3.2 Step profile
Apart from a few rather contrived profiles [9, Chapter 12] the step 
is the only profile to have both exact vector wave equation solutions as 
well as scalar ones in closed form. Nevertheless, in contrast to the 
infinite-parabolic, even the scalar one requires numerical solution of 
an eigenvalue equation.
First order eigenvalue corrections were orignally obtained by 
Snyder and Young [11]. Field and other higher order corrections could 
either be obtained by the methods of this chapter, or by expanding the 
exact solution. Their value would be in providing a more revealing form 
of the polarization differences than the exact solution.
Note also that the step provides the q + 00 limit of the clad power- 
law profiles considered below.
4.3.3 Clad power—law profiles
Love [22] gave the scalar field dependence for clad power-law 
profiles: we summarize the case of integer powers in Table 4.6(a,b).
Love et al. [23] gave the first order polarization correction for the 
fundamental mode eigenvalue. In Table 4.6(c) we generalize this to 
modes of arbitrary order. In Fig. 4.3 we plot the results for the
01 * 
n/r^ns
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eigenvalue difference between the TEq  ^ and modes. Note that the
infinite-parabolic result l/ ^  ^ =0 gives the large V result for the clad- 
parabolic. Roughly speaking this degeneracy represents a demarcation 
between large q profiles which have a larger propagation constant for 
TMq | modes, and those with q < 2 which have ß larger for TEq  ^ modes.
m
infinite parabolic (U
V
Fig. 4.3 Clad power-law and step profiles: TM eigenvalue
( 1  ) ~ Uipolarization correction, U /U . Note that this also gives the 
splitting between the TM and TEQ1 modes some for the TEQ1 mode U=U and
thus
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Note also that for the TMg^ mode, the polarization correction is 
highly dependent on q. This is in contrast to the H E ^  case, where the 
results for different profiles q can be scaled into one another via a 
moments transformation, as discussed in Ch. 7. We might expect the 
higher q dependence because the second mode has its field more 
concentrated toward the core-cladding boundary where the gradient of the 
refractive index is most dependent on q.
It would be straightforward to obtain the TMq  ^ field correction 
from Eq. (4.2.8). From this one could deduce the polarization 
differences in quantities such as the fraction of modal power in the 
core, n , and the absorption coefficient, y = , as we have done for
the infinite parabolic. However, note that in cases without 
degeneracies, the infinite-parabolic should provide a guide to 
quantities which are most dependent on core fields, e.g. P : this
would be particularly good in the case of the clad-parabolic, but also 
useful for more general profiles - see Fig. 4.4 for comparison with the 
step.
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4.4 DISCUSSION
Polarization differences between even and odd polarized modes of 
circularly symmetric optical waveguides occur for the TEQm and TMQm 
modes. General expressions have been found for these modes for 
polarization corrections to all orders in terms of the scalar 
solutions. Previously, numerical eigenvalue equation solutions were 
required to exhibit such polarization splittings and then only for the 
step profile. We have been able to treat the infinite parabolic 
profile, thus obtaining simple analytic expressions which give a 
qualitative guide as to some effects of polarization for "real" 
profiles, especially the clad parabolic.
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APPENDIX 4A VECTOR CYLINDRICAL HARMONICS
For convenience in manipulating expressions involving the vector 
fields, and in analogy with the vector spherical harmonics used by 
Jackson [24], we define vector cylindrical harmonics
A Q A A A Q A A
= xcos£<t> - ysin£<t> , X2( ) - xcos£<j> + ysin£<f> ,
(4A.X)
A A A A A A
X3(<t> ) = xsin£<f> + ycos£<{> , Xi+( ) = xsin£<{> - ycos£<]>
Note that the unit radial and azimuthal unit vectors are given by
A A A A ^
r = Xi and <j> = - X4 . Our vector cylindrical harmonics have the 
convenient differential and integral properties
d_
d<{) (-1)
(« ,+ « ,)Pi p2'„ 3££ X5-p (4A.2)
X dcf> P (-1 )
(<5p3+ ^  X* /& 5-p (4A.3)
where 6.. is the usual Kronecker delta, 
ij
Orthogonality properties are
2tt a
1 r *2-2- / X* • X*fd<j> = 6 ,6 ,2tt j 0 p p' pp ££
2tt a
■5- / ?  X X£,d<f> = 1 + (6 - 6 )62tt j o p p’ pi p4 £1
(4A.4)
(4A.5 )
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Table 4.1 General expressions
(a ) Vector Wave Equation (VWE) notation
2 2f p V  + i/0)2 - v"f) , (0 ) n = 0
,(n) E {-[ E u(s)U(q‘s)]e(n'q) + p2 3V [2l v fq.e(n_q)l 
q=l L s=0 _t 'C q "C -C
n > 1
(b) Eigenvalue corrections
I(n) - - f o r  {(-l)n+1 - £ 5  [ Z (-l)rtlP{n-r)Q(r)] - "e 1 U(r)U(n-r)} 
2lT ' ; r=l r=l
where
„(n) _ "r1 ( - i f
c=0 (ir®')5=t • „  E aall products
& permutations
n-t (n . )
[ n d 1 ]v [L JZn.=nJl
.( n ) - / [Pvt-e(t0>] Z [ f  PVtfq-e(tn-q)] dA , DCn) = / e<" ■>. e(° >
q=l 4 A
( c ) Propagation constant corrections
3 = k [l - 2AU2/V2]1/2 , 3 = k [l - Z Anß('n)] , B( 1 ^  = U(0)2/V2
n=l
,(n) 1 2 (m. )[ n u 1 ]
V2 all products 1=1 ^m i n *
& permutations
+ E (2m - 3)!
2ra (m. )_o o- { z [ n U 1 ]_ 1
m=2 2 m!(m—2)!V m all products i=l mi n ra
& permutations
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Table 4.2 Explicit constructions to 0(A3 )
(a ) Right hand side of the nth order vector wave equation, VWE^n ^
1 ^  0 ^ + pV [ 2pV f • e^0 ]^-t -tL -t -t J
, ( 2 ) -2l/ ° V  1 V  1 ^ - [ 2t/ ° V  2 ^ + \f 1 ^  ] e^ ° ^-t L J -t
+ PVtf2 • e(t0) + 2pVtf • e^1 ^ ]
-2U^° V 1 ^ 2 ^-[2l/° V 1 Vl/ 1 -^[ 2l/° V 3 ^ +2l/ 1 ^ l/ 2 ej.0 ^
(1)
,( 3 )
+ p V [f pV f3*e(0)+ 2pV f2 -e( 1 V  2pV f*e(0)]-t J -t -t -t -t -1 -t
( b ) Eigenvalue corrections 
„( 1) _ 1 Q( 1
2U(°) DC0)
,( 2 ) _ 1 (“T7TT- [ 4 ^ Q ( 1 ) - Q(2)] + ö(1)}
2l/ ° ^ ° ^ ° ^
T( 3 ) _ 1 ( 1 )2 2 ){ 1 r r2__ r - p _  ) qW  n't L w  n S2 ( n  ^ J ^(1)2l/ ° ^ ° ^ ° ^  ° ^
D( 1 } _( 2 ) . ( 3 )
XO) Z ; + J ;] - 2U(' 1 ^  l/ 2 ^ }
(c ) Propagation constant corrections 
„( 1 ) U( ° ^
s<2> = - [-L. u(0)4 + W 0)u(1)]
B(3)= J _ n(0)6 + L D(0)3ü(l)+ L [ u(0)ü(2)+ l u(l)2
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Table 4« 3a Infinite-parabolic profile: TEq  ^ eigenvalue and field
components
+ (X A4 )
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Table 4*3b. Infinite parabolic profile: TMqj eigenvalue and field
components to 0(A3 )
u 2 / V  { 1  + 6 i 2  + 7 3 A 3  } 
V2 V 3
e
r { r 2 +  A R3 +  A2 [ — R 3 + |  R 5 ] +  A 3 [——  R 3 - 5 -  R 5 +  4  R 7 ] }  e  ^ 2VRL V Z ^ 2  V Z
e
z ^ p ^ - { [ 2 - V R 2 ] +  ^ [ 8 - 4 V R 2 - V 3 R 4 ] +  — [ 4 8 - 3 6 V R 2 - 4 V 2 R4 -  j  V 3 R 6 ] }  e ”  1/2 Vr2V V ^2 Z
(— ) 1/2 n  { l  + ^  [ 4 - V R 2 ] +  —  [ 2 4 - 7  V R 2 - V 2 R 4 ] 
c o  v  v 2
h .
+  —  [ 1 8 4 - 7  2 V R 2 - 5 V 2 R4 -  V2  V 3 R 6 ] } R e ~  ^ 2  v r 2
V2
e . = h  = h  = 0 4> r  z
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Table 4,4* Polarization properties to 0(A3 ) of the TEqj and TMq  ^modes 
of the infinite-parabolic-profile fiber
Propagation constant Polarization difference to lowest order in A
6 - ß = -24&5/2TMoi TE01 p/lv2
Fraction of power in core
n = [l - (l+V)e"V] + 6A2e"V + 0( A3 )TM0 i
n = fl - (1+V )e~V]TEqi l j
nTM - n = 6A2 e VTMoi TEqi
Transit time, t = - flE’ dw c dV
V  = nc o {l + 8A2 + ll2A3 4)
™01 c V2 v3
t = " “  {i + 8A2 + 64A3} +oCa4)
TE01 c v2 V3
^ 8 n  A 3co A°
XTM01 XTE0r  C V3
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Table 4.4 cont.
„ i dmG r o u p  velocity,
« 1 1 1 ■ T 1 *' “ ' ’ _ - 4 8 c  A 3 
V g TM0 i V gTE01 n cQ v 3
3D i s t o r t i o n  parameter, D(V , A )  =
/ 2A d V 2
W a v e g u i d e  dispersion: = ( 2A ) D ( V , A )
d m 2 c
D t m  = - 8 & - 168a2 +  0( a 3)
™ 0 1 v 3 v 4
d t e  = - 8 a - % a 2  +  0( a M
T E 01 v 3 v 4
A 2
DT M 0 i d t e 01 “ 72 V4
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Table 4.5 Absorption coefficients for TMq I anc^ ^01 moc^ es °f an 
infinite-parabolic real profile er(R) = e^Q[l ~ 2AR2] and various 
imaginary profiles. We have taken the loss coefficients as£ i * * ^Y = 23 = a) / e e»e dA// e * h • z dA as in [Snyder and Love,
OO 00Sec. 11-22] and approximated the fields by their lossless forms, i.e. 
the "lossless field" approximation [Snyder and Love, Sec. 18-25].
B where y = 23^ = ——  B+0(e'*' )
er mCO
6S1 = gi. - B*TMq i TE0!
(a) Infinite parabolic absorbing profile: e^CR) = [l - 2AR2]
2 3B = 1 + 8 —  + 64 —  + 0( A4 )
TE01 V2 V3
A  3 661 - 24 C° A + 0(el3 ,A?/2)B = B + 48 —  + 0( A4 ) er p/2V2TMqi TEqi v3 CO
(b) Uniform absorption: £^(R) = £* = constant------------ L---- co
2 3
B^ = 1+4 4 + 24 —  + 160 —  + 0( A4 )TEoi V v2 v3
• 3
e1 .5/2 ,3 ,
SB1 = 60 C0 A + Ote1 , A7/2)
B^, = B + 120 —  + 0( A4 ) er p/2V2 C°TMqi TEqi v3 CO
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Table 4.5 cont.
(c) Core absorption only, i.e. ex(R) = 0  , R > 1
(1) Constant core absorption: £i(R) = eX , R < 1
B
B
(1)TEoi
(1)
TMqi
2
[ l-( 1+V )e~V ] + |- [4-( 4+4V )e“V ] + —  [ 24 - (24+24V)e_V] + 0(A3 )
B ^  + ^  [4V( 2-V )e V] + —  [( 36V-10V2-8V3 )e V]+0(A3 ) TE01 V v2
631 = _ [  2V( 2-V )e V] - ^-y-[( 8+5V+4V2 )e V]+ 0(V^, A5/2)
3/2 5/2-
2) Parabolic core absorption: £X(R) = £X [l - 2AR2], R < 1
B(2) = B ^ } - —  [ 16 - ( 16+16V+8V2 )e V] + 0(A3 )TEq1 TEqi v2
TMqi B^2 ^ - —  [36 - ( 36+12V-16V2 )e V] + 0(A3 )™ 0 1 tt2
6B^  2 ^ = 6B^ 1 ^ ✓ 2-- S2. 'LL [io - ( 1&-19V-13V2 )e V] + 0( e1" ,A3/ Z )r p J co
i3 ,5/2
co
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Table 4.6 
azimuthal, 
2A.
Clad power-law profile: Solutions for modes labelled by
radial and polarization modes numbers £,m and p defined in Appendix
(a ) Zeroth order field and eigenvalue: W = \  U = l/  ^ ( V2 - W2)
n+0
Z a R / Z a , 0 < R < 1
n n n nn=0 n=0
V R)
K£(WR)/KJl(W) , 1 < R <
E. nan K...(W )n=l ~ X-+1------  = — W -------
0° . ~  .
1 a V w)
n= 0 n
(b) Power-series coefficients, an (£,q,U,V) - we choose aQ = (U/2)
OO n+£ ~ 
so that Z a R matches up with the Bessel function J.(UR) in the
a n zn=0
limit q -*■ 00 .
a2s = ~ ’3 a2s-2/(4s(s+°} , 2 < 2s < q+2
{V2 an_q_ 2  ” U am_ 2 } /{ n( n+2£ )} , q+2 < n <
(c) First order eigenvalue correction
j( 1 ) = _ I
£mp 9' B + C
£mp
00 00 (s+2£ 6 ) a a
[l A - « , ) ]  <1 E 2 -------- 2---- —Z1 p4 p l J „ „ n+s+q+2£n=0 s=0
o° oo a an sZ Z {-"£m n A 1n+s+2£+2n=0 s=0
. K. ,(W) K. .(W) °° 2} « ‘„-R*“1.-- - -H » OK?(W) n=0
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Table 4.7 General perturbation expressions for lightguide properties
(a) Fraction of power in core: n = / e * h*z dA// e x h«z dA
n = H + At/ 1 0(A2 ) , n = / je^^j2 dA// }§^^j2 dA
A Aco 00
(1 ) {/ M dA - n / M dA}// j e ^ j 2 dA
(0 )
where M = 2e^ _ ‘e^(O).-(D u"" I -to )|2 _ e(0).v (ve I
2V2 ' Z V'
(0)
(b) Modal absorption coefficient y=2g for uniform core absorption:
(See Eq.5.4.2 )
S'
, e1 co
2 er p/2A co
(n + AB(1^ + 0(el3,A3/2) i j  ^ co
where
A
135
T a b le  4 .7  c o n t .
( c ) Power a c c e p t a n c e
P ( 0 i n > A) " 2
T ( 6 i n > U , ( 0 ) AP( 1 >1 + 0( A2 )
, ( D ( ; ( °  ) ; ( D *
J J
+ a(.0 ) * a (. 1 ) )N( 0 )  
J J
a( ° ) | 2 T( l )
where T( 0.  ) = F r e s n e l  t r a n s m i s s i o n  c o e f f i c i e n t ,  g i v i n g  th e  t r a n s m i t t e d  f i e l di n  . j r*
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PREAMBLE
We investigate the direction, wavelength dependence and magnitude 
of the polarization dependence of absorption in photoreceptors, 
assuming as our model, bound mode theory of a uniformly absorbing 
dielectric waveguide. This also has application to few-mode optical 
fibers. First, a physical understanding is given in terms of simple 
concepts from diffraction theory. Then, in undertaking a modal 
analysis, we find (in the spirit of the Gaussian approximation) that the 
infinite parabolic profile provides a qualitative understanding of 
trends. Quantitative numerical results are given for the step profile.
5.1 INTRODUCTION
Polarization effects due to anisotropy play an important role in 
(1) invertebrate visual systems (e.g consider navigation by bees [1], 
and (2) optical fibers (e.g. consider the single polarization fiber of 
Snyder and Rühl [2] ). On the other hand, vertebrates (e.g. man) have 
nearly circularly symmetric, isotropic photoreceptors. Although this 
situation (as well as circular isotropic fibers) minimizes polarization 
effects, they still exist, and give rise to some interesting phenomena 
discussed herein: basically these are due to the "second" mode.
Polarization dependence of optical waveguide absorption has been 
mooted as an explanation (Fischer and Röhler [3]) for the vision effects 
of the yellow spot, Haidinger's brushes (a subject which took Maxwell's 
interest [4] and has had recent experimental study [5]), and also 
Boehm's brushes (Stromeyer et al. [6]). We have already alluded to the 
industry single mode polarization effect studies. This physically 
orientated analysis should also prove useful in application to few-mode 
optical fibers (Sec.1.2.2).
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Consider a circularly-symmetric, absorbing, dielectric rod 
(Fig. 5.1). When illuminated by a plane wave with the electric vector 
polarized parallel to the plane of incidence, TMgm and even HEnm/EHnm 
modes are excited; perpendicular incidence leads to TEgm and odd 
HEnm/EHnm modal excitation. The total power absorbed depends on both 
modal acceptance (Sec. 5.3) and absorption (Sec. 5.4). Recall from Ch.4 
that it is the TM/TE modes that present the polarization differences 
rather than the even/odd HE and EH modes.
In considering the polarization dependence of absorption, we ask 
three questions -
(1 ) Which polarization is absorbed more?
(2) What is the wavelength dependence?
(3) What is the magnitude of the effect?
To develop a qualitative physical understanding, we introduce some 
simple concepts from:-
(1) plane wave diffraction theory (Sec.5.2), and
(2) analysis of the infinite parabolic profile (see Ch. 4).
To quantify, we undertake a full modal analysis of acceptance 
(Sec.5.3) and absorption (Sec.5.4), and then look at how these results 
tie together (Sec.5.5) when we use the parameters of various physical 
systems (photoreceptors - Snyder and Pask [7]; a millimetre-wavelength 
waveguide - de Groot and Terpstra [8] ).
In considering absorption several approximations can be made:-
( 1 ) Weak guidance - In the scalar approximation modal absorption 
coefficients are proportional to the fraction of modal power in the core 
[9], although this is not the case for polarization corrections which 
may be obtained via perturbation theory).
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(2) Lossless fields - One may consider the effect of the complex 
dielectric constant to lowest order in the imaginary part. Kumar,
Hossain and Ghatak [10] have shown good agreement between an exact 
solution of the complex SWE and this absorption perturbation approach 
when the difference between core and cladding dielectric constants is 
small. (3) Neglecting radiation and leaky modes simplifies the 
analysis.
We now review previous work on the polarization dependent 
absorption problem. Duxbury [11] used the VWE lossless field approach 
to calculate bound mode acceptance and absorption coefficients for a 
step profile dielectric rod. Fischer and Röhler [3] solved the 
resulting complex boundary value problem. (They had to neglect 
continuity in "the artificial region where three media of different 
electromagnetic quantities meet". ) This involved numerically finding 
the determinant of a 4x4 matrix in the complex plane. They claimed that 
for an absorbing core excitation is highly polarization dependent, if 
illumination occurs over the infinite cross-section. De Groot and 
Terpstra [8] constructed a millimetre-wave model of a foveal receptor 
and found that power transmitted is strongly polarization dependendent 
for illumination near the critical angle when more than three bound 
modes are present. On the other hand, recent psychophysical experiments 
by Stromeyer et al. [6] detected no significant adaptation to polarized 
light in humans, contrary to the results of de Groot [12],
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5.2 PHYSICAL IDEAS - AN OVERVIEW
For building blocks we examine some ideas from plane-wave 
diffraction theory.
5.2.1 Acceptance 
C a ) Total power
First neglect guidance, and consider the Fresnel transmission 
coefficients for a plane wave [13,14]. We find that the transmission 
for polarization parallel to the plane of incidence is greater than for 
perpendicular incidence'*' and that to lowest order this difference is 
proportional to the square of the angle of incidence (Appendix 5A).
Taking into account the conditions given in Appendix 5A this is usually 
a good approximation for the total power transmitted. If we consider 
the effect of the guiding structure, then the distribution of power in 
the bound, radiation, and leaky modes may be more polarization 
dependent.
C b ) Bound mode power acceptance
Although there is greater total power accepted for polarization 
parallel to the plane of incidence, this effect is small (less than 1% 
for angles of interest ). If we consider the effect of the guiding 
structure, then we get the opposite effect, in that a greater proportion 
of power is accepted for perpendicular polarization (corresponding to TE 
mode excitation).
1 We use the terras parallel and perpendicular polarization to 
refer to light polarized parallel or perpendicular to the plane 
of incidence.
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Intuitively we might expect this: since there is a smaller Goos-
Hänchen shift for perpendicular polarization a greater fraction of power 
is in the core, and thus perpendicular incidence has a greater tendency 
to result in bound modes. Later, this can be seen on more rigorous 
modal terms in that a mode is more highly excited if there is a greater 
matching between the illuminating field and the modal field distribution 
- illumination over the core will result in greater excitation.
5.2.2 Absorption
It is well known, in the case of a slab waveguide, that the Goos- 
Hänchen shift for the electric vector parallel to the plane of incidence 
(i.e. for TM modes) is larger than for perpendicular incidence in the
O
ratio (ncc/ nc l ^  [15]. Thus, for parallel incidence, the path length 
inside the absorbing core is smaller.
Translating Goos-Hänchen shift ideas into modal language, we would 
expect (a) that TE modes generally have larger absorption coefficients 
than TM modes; (b) that the relative difference, ( )/3i , is of1M 1 hj
order A ; and (c) that, for a given V, the effect increases for higher 
order modes. Also, for a given pair of modes the effect is small for 
large V, increases nearer cutoff, and then decreases very close to 
cutoff.
In summary, for perpendicular incidence, there will always be 
greater absorption (the quantity of importance in vision). On the other 
hand, with regard to transmission (the quantity measured by de Groot and 
Terpstra [8]) there are two competing effects. For perpendicular 
polarization there is greater power acceptance, but less modal
transmission.
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We now undertake a modal analysis to quantify absorption and find 
the polarization dependence of total power transmission.
5.3 ACCEPTANCE
Fischer and Röhler [3] calculated acceptance for a lossy 
waveguide. However, to a good approximation, we may assume lossless 
fields as follows.
5.3.1. Modal amplitudes
By imposing continuity of the fields at the endface (Snyder and 
Love [9], Ch.19) and noting orthogonality between modes, one obtains 
expressions for the modal amplitudes. These require knowledge of the 
total transmitted fields which are (within the plane-wave approximation) 
related to the incident fields by the Fresnel transmission coefficients 
(Appendix 5A). Duxbury [11] obtained an expression for the modal 
amplitudes a^  in terms of the incident fields, which she claims is 
valid for all angles of incidence, although it "..ignores 
backscattering..". She obtained expressions for illumination over the 
receptor end using step profile VWE fields - When evaluated we find that 
TE modes have greater excitation efficiency than TM modes - see Fig.5.2.
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Fig.5.2 Acceptance: Modal powers accepted by a step profile lightguide
with uniform illumination over the core and with parameters V=4.0 
and A=0.06 , i.e. typical photoreceptor values.
5.3.2 Perturbation approach to polarization corrections for modal 
amplitudes
Snyder and Love [9, Sec.19-4] obtain a polarization independent 
expression for the modal amplitudes (valid for weakly guiding fibers 
illuminated at small angles to the fiber axis) which is equivalent to 
^^ given in Table 4.7(c). In that Table we also included first order
j
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polarization effects by expanding the expression for aj, involving the 
exact fields, in terms of the profile height parameter. An expression 
for excited modal power was obtained by similar expansion to first 
order. Note, the carat in a^ indicates normalization with respect to 
the Fresnel plane-wave transmission coefficients. From the results of 
Appendix 5B we find that a correction for spherical wave illumination 
is small provided that the source to endface distance is sufficiently 
larger than the wavenumber times the square of the core radius.
5.4 ABSORPTION
We discuss methods of determining the modal absorption co­
efficients, and then discuss results for the infinite parabolic and step 
profiles.
5.4.1 Methods of analysis 
( a ) Exact determination
The modal absorption coefficient may be determined exactly given 
that the lossy modal fields are known exactly. When the real and 
imaginary profiles have the same shape then the lossy fields are simply 
the lossless fields with all parameters (e.g. U, W, V) being replaced by 
their complex values. Given complex V, determination of the complex 
propagation constant B is equivalent to determination of the complex 
eigenvalue U. For the step profile, U and W may be obtained exactly by 
solution of the complex eigenvalue equation which requires use of Bessel 
functions of complex argument.
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(b) Lossless field approximation
The modal absorption coefficient is given by
(Energy absorbed per unit length over 
clc^i _ __o (the infinite cross-sectional area. )
2 (Power flux through infinite cross- ) 
(sectional area of waveguide. )
(5.4.1)
where c is the speed of light, and k=2ir/X is the free-space wavenumber. 
Thus
e1
ck £l(R) -  ‘ - dAo 00
2 / . e x  h . z dA
J A - - -
(5.4.2)
The reader is referred to Ch.18 of Snyder and Love [9] for a format 
derivation.
If the polarization effect is of order 0( An then knowledge of
the fields is required to order 0(An , ) . For example, a step index
fiber with only the core absorbing requires knowledge of first order
field corrections. Degeneracies can be introduced when (a) the real
and imaginary profiles have the same shape and (b) when the profile is
infinite parabolic. Thus when both the real and imaginary part are
i 5/2infinite parabolic 63 is of order A and requires knowledge of
the third order field corrections.
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(c) Derivation from imaginary part of polarization correction 63 to 
the scalar wave equation propagation constant 3
When the real and imaginary profiles have the same shape then a
n-l/0polarization correction 63 of 0(A z) may be obtained from fields
XT 2 iof 0( A , e ) » and this polarization correction should be valid for 
complex values of A and V . The imaginary part 6 3’*’ is obtained 
either by direct numerical computation, or in analytic form using
631 = e1 -^(<53) + <X e1 2 ) . (5.4.3)CO dE COCO
This presents an alternative derivation of the result in Table 4.4(a).
5.4.2 Results
The infinite—parabolic profile often provides a good guide to 
qualitative trends for quantities which depend mainly on the core 
fields, and does so for the case of 63^ for a uniformly absorbing core. 
From Table 4.5(a) we have the simple expression
«bV b1 = (3* -
01
4A( V-2 )e 
{l-(1+V )e~V }
(5.4.4)
We find that there is greater absorption for T E ^  modes and that 
the maximum polarization difference in 3’*’ occurs near V=3.
For the step profile we again use Eq. (5.4.2) and substitute the 
exact vector fields for a lossless guide (i.e. the "lossless field" 
approximation) which are given in Table 12-3 of Snyder and Love [9] - 
(Analytic forms of the required integrals are in Table 9.2). We plot
the results in Fig. 9.3.
/A
Fig. 5.3 Absorption: Modal absorption coefficients, 3^ , for a step
profile lightguide with core absorption a = 2kn^ = 0.01 pm,5 A = 0.06co co
and varying V. We use Eq. (5.4.2) and make the approximation of using 
the exact vector fields for a lossless guide given in Table 12-3 of 
Snyder and Love [9].
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5.5 COMBINED RESULTS FOR PHYSICAL SYSTEMS
We now investigate the acceptance-absorption problem for (a) 
photoreceptors, and (b) the millimetre-wave model of de Groot and 
Terpstra [8],
Consider the case of uniform absorption - Then for the parameters 
of these systems the initial acceptance has the dominant effect.
(1) Generally the polarization difference is less than 8% (i.e. not
measurable within the accuracy of ±ldB for the millimetre wave 
experiment ).
(2) More power is absorbed for for polarization perpendicular to the 
plane of incidence ( Fig.5.4(a ) ), and usually less is transmitted 
Fig.5.4(b,c) except for values of al larger than the systems we 
consider. In the case when the transmission effect is reversed 
(Fig.5.4(b)) the powers left over are orders of magnitude lower than the 
original.
(3) The large polarization difference (15dB, i.e. 32 times) of de
Groot and Terpstra [1980] is not accounted for by our uniformly 
absorbing bound mode model. Effectively they seem to have another 
acceptance problem for highly absorbing disks - with the power spread 
out over a large cross-section. The results of Fischer and Röhler [8] 
indicate that this might produce a large effect, but this is for 
transmission (which is what de Groot and Terpstra measure) rather than 
absorption (which is the important quantity in determing photoreceptor 
sensitivity to polarized light): thus we expect this effect to be
"unimportant" in the photoreceptor case.
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(a) Ratio of the total powers absorbed for polarizations perpendicular 
and parallel to the plane of incidence. We plot this for varying light- 
guide length, and take the angle of incidence as 0^ = 13°. Total
power absorption rather than transmission is the quantity of interest in 
determining photoreceptor sensitivity to polarized light and this is 
always greater for perpendicular polarization as both the acceptance and 
absorption coefficients are greater for that core.
PWoiocece-ftor (lengiVv = 4.0^«* ^ 0*0\yum-’)
(b) Ratio of total power transmitted for perpendicular and parallel 
incidence. In this case the greater acceptance and absorption are 
competing effects.
Fig.5.4 Combined effects of acceptance and absorption. We consider a 
lightguide with a=0.01pm ^, V=4.0 and A=A.06 , i.e. typical 
photoreceptor values
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oCl= 4
-JüV KL
o-oo.
(c) Angular dependence of power transmitted for a x length = 0.4 = 10* 
photoreceptor value. For such "smaller" total absorption the 
determining factor is the initial power acceptance.
K o
(d) For "larger" total absorption, i.e. for transmission through a long 
length (here a x length = 40=^  100x photoreceptor value) the effect is 
reversed with greater transmission for parallel incidence. Note that 
higher order modes are less absorbed.
152
(4) Wavelength dependence: We find that the effect increases with V
(in few mode region). Consider illumination over the receptor end 
(core) only. Then the effect is negligible when only the H E ^  mode is 
present. When the TEq  ^ or TMq  ^ modes are present (V > 2.405 ) then 
bound mode theory of a uniformly absorbing rod predicts up to 8% 
polarization difference. De Groot and Terpstra [1980] experimentally 
find a large effect in the region where there are more than three bound 
modes (i.e. V=4.8 ) - This could be due to the presence of the TEq 2 or 
TMq 2 leaky modes (bound only in the inner segment), i.e. polarization 
effects are due mainly to the presence of TEQm or TMQm modes, and the 
effects increase (slightly) for the higher order modes. For the ideal 
foveal cone considered by Snyder and Pask [1973], V > 4 corresponds to 
the high frequency (violet) region of the spectrum, where we conclude 
that the effect will be more significant.
5.6. CONCLUSIONS
We have given both a heuristic physical argument and a detailed 
modal analysis as to the polarization dependence of bound mode 
absorption. For the "relatively short" waveguides considered (i.e. 
photoreceptors and models thereof ), the determining factor in the 
acceptance-absorption problem is how much power is initially accepted.
In answer to our original questions, we conclude the following:
(1 ) More power is absorbed for perpendicular incidence;
(2) In vertebrate vision the effect will be larger at the high 
frequency violet end of the spectrum;
(3) The polarization difference in absorbed powers is not large for 
the uniformly absorbing, bound mode model considered when illumination 
is over the receptor end (i.e. core) only.
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APPENDIX 5A: PLANE WAVE ACCEPTANCE
We consider the polarization difference in the angular dependence
of the total field transmitted into the endface of the fiber, E^ .. We
find this difference to be small. In fact the approximation that the
incident field is the same as the transmitted field, i.e. E. - E is’ in t
valid in evaluating the modal amplitudes (Sec. 5.3).
Fig.5.5 Model for transmission of electric field polarized parallel 
( I ) or perpendicular (1) to the plane of incidence with wavelength X .
If ( 2ttp/X ) »  1 we may take the fields at the aperture as being due
to Fresnel plane wave reflection, and then the Fresnel transmission
coefficients for electric intensity (i.e. Ie \2 = T( 0 )|e \2 ) are'-t' in '-in'
given by Snyder, Pask and Mitchell [14]
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T±(0
2n. cos0. _____ in_____ in i 2
n + n. cos0. •* co in in T l<9in>
2n. cos0.m _____m  i 2
n. + n cos0. * in co in
(5A.1)
where notation is defined in Fig. 5.5. Expanding in terms of 0 and 
taking the difference we obtain
T ll(0in) - Tl(0in)
4 n. (n - n. ) 2 4
{ ln C° “  1 9ln+ O(0,.„) , 2ttp(n. + n )3m  co
» 1
(5A.2)
(Power transmission which depends on |e _^ * j rather than | | 2 is
2
given by replacing 4 n ^  by 4 nj_nnco • ) Thus there is slightly greater 
total power transmission for parallel incidence.
Validity of plane-wave approximation for photoreceptors:
For an "ideal average cone" typically the diameter of the inner 
segment, 2p is 2 ym , and taking the wavelength between 0.4 and 
0.7 ym gives 2ttp/A between ~ 5 and 9 i.e. large enough to be a
reasonable approximation.
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APPENDIX 5B: SPHERICAL WAVE CORRECTION TO PLANE-WAVE ACCEPTANCE
It is of interest to see how much effect spherical wave 
illumination has on the angular dependence of acceptance. We consider 
illumination by a spherical wave source located at a distance sQ and off 
set by an angle 0 as in Fig. 5.6 below. We present this as a 
generalization of the case of plane-wave illumination (i.e. R + 00) 
considered in Ch. 20 of Snyder and Love [9].
Fig. 5.6 Spherical wave acceptance. A point on the plane z=0 is a
distance s=/ {(x-s^sin©)2 + y2 + (s^cosö)2} which we approximate
as s=s - x sin0 + ( r2-x2 sin20)/2s + 0(l/s2 ) .o o o
At a distance s from the source the illuminating field is proportional 
to e^^S/s . Expanding s and neglecting terms of 0(l/sQ^), we find that 
the field at the endface (z=0) is given by
(x2cos20 + y2 )
- ikx sin0E . - em (5B.1)
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where the first terra is the usual plane-wave term [Snyder and Love 1983, 
Sec. 20-3].
5B.1 General scalar modal field excitation
Consider a circular lightguide with modal fields of the form
= FÄ(R) cos£<{> . After some manipulation involving an expansion of
Eq. (5B-1 ) in terms of Bessel functions we find that, for illumination
over the lightguide core, the modal amplitudes,
a£ = £ E.n* dA = a£ £ dA , are given by
co 00
1^(0) = (9) + a£SWC(0) (5B.2a)
where the plane-wave term is
1
a£PW(0 ) = C-i)£7T £ 2F£(R)J£(kR) RdR , (5B.2b)
and the spherical wave term is
V e) - i r ^ -  1)1,1 t**,»1» + (1 - + ° h i fii)2] ( 5B.2c )o o
where
1
I = / F0( r ) [ 2J0( <R) - J2(kR)]r 3 dRo 0
1
h - /„ V r)t2V < R )  - Jp-2((KR> - W cR)l R3dR •
where k = <(0) = pkn. sinQ .
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5B.2 Polynomial field excitation: 4* = 1 ~ br2
To get a rough idea of the effect, we simplify the analysis by 
approximating the fundamental mode field as = 1 ~ br2 . For on—axis 
illumination (0=0) we then obtain
a( 0 ) = tt p2 [ ( 1 bp2 N ikp22 ; 2R (5B.3a)
For off-axis illumination (0*0) the plane-wave term is
pw J i(k(0)) J2(k(9))
a (0 ) = up2 { 2( 1 - bp2 ) ---' + 4bp2 -------------  } (5B.3b)
<(-d) kH 8 )
and the spherical wave correction is
-SWC,0 v _ ikp a K 0 )
J ! ( tc( 0 ) ) J2(<(0))
—  {[l - bp2] k(9) - [2 - bp2(s - cos20)] <(0)
J3( k( 0 ))
bp2 [l3 - 5cos20] -------- }
k3(0)
(5B.3c)
For other modal fields (e.g. those of step) it is "quickest" to evaluate 
the integrals numerically.
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5B.3 Discussion
The spherical wave correction is of 0(p2k/so ) and, when the above
formulae are valid (i.e. p2k/s << 1 ) , the spherical wave correctiono
has only a small (< 1%) effect on the relative angular dependence except 
near the critical angle. We consider parameters used in a millimeter- 
wave model for a photoreceptor of de Groot and Terpstra [12]
n. =n =1.0, n =1.06, p=35mm, s =1500mm, V=3.2, (5B.4)in cl co o
and find that for 9 < 13.0° the spherical wave correction makes only
10  ^ dB difference in the relative power ratio P(6)/P(0) ; at 
0 = 13.5° , i.e. near the critical angle, it makes 18 dB difference; 
and for 0 > 14.5° it makes less than 1% difference in dB.
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6.1 INTRODUCTION
This is a chapter about modes and qualitative trends. Using some 
heuristic principles, we provide an understanding of the order in which 
modes of noncircular optical waveguides are cutoff, discuss their 
eigenvalues, and note some interesting degeneracies.
We stress that this chapter is different from the rest in this 
thesis in that it is almost entirely qualitative. The reader is 
cautioned that we merely present general trends and schematic figures.
Detailed analytical and numberical justification is in progress [16,17] 
but not available as yet.
6.1.1 Why noncircular guides?: (1 ) Elliptical geometry may be used as
one means of attempting to preserve the polarization state in fibers 
' However> ln practice, stress-induced anisotropy is a more
effective polarization-preserving mechanism. Nevertheless, Snyder and 
Ruhl [2] have shown that the wave equation for highly anisotropic 
circular fibers transforms to that for an ellipse. Thus, studying the 
effect of elliptical geometry provides a fundamental building block in 
understanding polarization-preserving fibers. ( 3) In this chapter, we 
concentrate on the elliptical guide. However, as shown in Ch. 7, these
form a good model for other noncircular guides, especially those with 
two axes of symmetry such as the rectangle.
6.1.2 Some history:
Elliptical lightguides were originally studied in a classic paper 
by Yeh [3] who also showed that one fundamental mode polarization state 
suffers less attenuation (due to the unavoidable, but small, absorption
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losses of any fiber) than on a circular guide with the same cross- 
sectional area [4], As well, three-layer elliptical tube and W-type 
fibers have been studied by Lewis and Deshpande [5] and Rengarajan and 
Lewis [6,7] as a means reducing both dispersion and attenuation. All of 
the above are modal studies in terms of Mathieu functions. Love et al 
[8] provided a connection with rays noting that in addition to (i) 
bound, (ii) tunnelling and (iii) refracting rays found on circular 
fibers one also has (iv) rays which both tunnel and refract. Snyder 
and Young [9] introduced (i) a perturbation method for treating 
slightly elliptical fibers as well as (ii) some qualitative ideas 
concerning their modal patterns. This present qualitative study extends 
those ideas, thus resolving some debate in the literature concerning 
second mode cutoff.
6.2 MODAL NOMENCLATURE
For weakly guiding circular fibers, given azimuthal and radial mode
numbers £>0 and ra, the true vector modes requires for their construction
0 oa combination of the two scalar wave equation solutions \p and (even 
and odd about the x-axis). Recall that the constructions are
-tl = X^6 ” y^°’ -t2 = X^6 + y^°’ -t3 = + » and at4= Xip — y^ ;
these correspond to (1) "even polarized" HE.L1 , (2) "evenx,+ i ,m
polarized" EHn , (3) "odd polarized" HE... , and (4) odd36“  1 ) in 36 • J. j in
polarized" EH modes; "even/odd polarized" refers to the x-Jc—1 ,m
polarized electric field component being symmetric/antisymmetric 
(even/odd) about the x-axis; and in the case £=1 the "even/odd
polarized" EH^_^ ^ modes are referred to as TMom/TEom modes. Further
details are given by Snyder and Young [9] and in Table 14-1 of [10].
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If the fiber is even slightly elliptical then, in contrast to the
circular case, the true vector modes are approximately linearly
polarized and consequently have their field intensity well described by
a single scalar solution. In this chapter we are mainly concerned with
0 oelliptical fiber scalar modes which we refer to as LP„ and LP„ for)cm Jem
modes symmetric and antisymmetric about the major (x)-axis. If we 
include polarization then the modes are L P ^  , L P ^  , L P ^  and LP°^ , 
where 1 and I refer to polarizations perpendicular and parallel to the 
major (x) axis.
6.3 MODAL TRANSITIONS
6.3.1 Which "LP" mode results from a true vector mode of a circular 
fiber when that fiber is slightly deformed into an ellipse?
We deduce the answer from the work of Snyder and Young [9,10], and
it is fundamental to the results provided hereafter. Basically HE^+ ^
0 omodes result in LPn modes, and EH„ , modes produce LP. modes.£m £-l,m £m
6.3.2 What are the resulting modes when an "ellipse is deformed into a 
slab?”
Using conservations of the number of zero crossings as a heuristic
principle we determine that the very large eccentricity, modes that
originally have in zeroes in the y-direction will have properties
similar to TE_ slab modes. In the absolute slab limit (p = 00) those m x
modes that also have zeroes in the x direction will "disappear" when
they lose the resonance of the second slab in Fig. 6.1. More
practicely, for p >> p the confinement in the x-direction does not x y
have a significant effect on the propagation constant p is the spacing
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Fig. 6.1 Elliptical lightguide cross-section. The angle <J> is defined 
with respect to the x— (i.e. major) axis. The ellipse may be 
approximated by two slabs which give rise to resonances in the x and y 
directions.
between zeroes in the x direction is much greater than that in the y 
direction. For the purpose of eigenvalue evaluation we need merely 
consider the resonance in the y-direction. As an example consider 
deformation of the l p ^ mode in Fig. 6.2.
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0Fig. 6.2 Deformation of the LP^ mode. This results from the HE2  ^ mode 
of a circular guide when it is slightly deformed into an ellipse as is 
shown by Snyder and Young [1]. When the ellipse (a) becomes highly 
eccentric as in (b), we may consider it locally as made up of slab 
lightguides in the y-direction (c,d). If we examine the central region, 
approximated by (c), then the mode will seem to have "disappeared" with 
most of the energy being spread out in regions towards the "ends". In 
those regions we have "local-slab” TEq modes.
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Combining the above results for modal transitions we obtain 
Table 6.1. More generally: (i) the transitions resulting in a single
"local-slab" mode centered on x=0 are:
HEn •> LPo i + TEq , (6.3.1)
TE0m + LP0ra + TE2m-l ; (6.3.2)
(ii) some transitions which result in multiple slab modes are
HElm * LP0m * TE0 (6.3.3)
HE2m * LPlm " TE0 (6.3.4)
HV l , l  * LP£1 " TE0 ’ £ > 1 (6.3.5)
EHH . l  * LP*i * TE1 ’ £ > 1 (6.3.6)
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T a b l e  6-1 Modal c o r r e s p o n d e n c e  as  a c i r c l e  i s  deformed i n t o  an e l l i p s e
and t h e n  a s l a b .  We a l s o  n o t e  the  c o r r e s p o n d i n g  r e c t a n g u l a r  l i g h t g u i d e
mode, Ik™, » where N and M a r e  the  number of  z e r o e s  i n  t h e  x and y NM y
d i r e c t i o n s  r e s p e c t i v e l y .
P r o p e r t i e s  i n
S la b  l i m i t  ( p -> 00C i r c l e R e c t a n g l eE l l i p s e
( 0 1 )  HE
(11  ) HE
(21 ) HE
©  @ \
( 0 2 )  HE
( 3 1 )  HE
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6.4 CUTOFFS - RESULTS
There has been some controversy [1,11-13] concerning "second” mode 
cutoff frequencies in elliptical fibers. This has been due to an 
inadequate explanation of which mode cutoff frequency is being 
studied. In the weak-guidance approximation the HE2 1 and TEq  ^ modes of 
circular fibers have degenerate eigenvalues and thus the same cutoff 
frequencies. What we are interested in is the non-fundamental mode with 
the lowest cutoff frequency. As explained in Fig. 6.2 this is the 
"noncircular deformation of the HE2 1 m°de', which is the mode, 
corresponds to an odd cosine expansion and was studied by Rengarajan and 
Lewis [13] and Sammut [14]. Cozens and Dyott [12] studied the non­
circular deformation of the TEq -^ mode shown in Fig. 6.3.
TE,
Fig. 6.3 Deformation of the LP°i mode. This results from the TE0 1 m°de
of a circular fiber when it is slightly deformed into an elliplse [1]. 
When the ellipse becomes highly eccentric then we obtain a "local- 
slab" TE^ mode in the central region.
Nevertheless, there are two points to be noted:- (i ) In the full 
vector case when we account for polarization, the TEq  ^ mode does have 
the lower cutoff frequency for circular and, thus slightly noncircular, 
fibers. It is probably for this reason that it is often incorrectly 
thought that the noncircular deformation of this mode has the lower 
cutoff, (ii) In the absolute slab limit when the semi-major axis, in 
Fig. 6.1 becomes infinite then the HE2i mode losses its resonance in the 
x-direction and thus ceases to exist.
In Fig. 6.4 we give a schematic plot showing what happens to the 
cutoffs of several circular fiber modes as the circle is deformed into 
an ellipse and then into a slab.
w
Fig. 6.4 Schematic plots of dependence of normalized cutoff frequencies
V = p k/( n2 - n2 ) on the (inverse) aspect ratio, (o /o ) of an co y co cl y x
ellipse for fixed semi-minor axis p
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6.5 EIGENVALUES AND DEGENERACIES - RESULTS
In Fig. 6.5 we give a schematic plot of the modal eigenvalues for 
fixed V and varying aspect ratio. We note the interesting point that 
there exists an aspect ratio at which different "order" modes have the 
same eigenvalues, (just as there is a cutoff degeneracy in Fig. 6.4).
In fact, as the eccentricity is increased the U-V curves may cross over 
completely and take on a different order as depicted in Fig. 6.6. The 
physical importance of these points of degeneracy is that coupling 
between modes is greatly enhanced when they have the same, or similar, 
propagation constants.
Schematic plot 
varying (inverse) aspect
of ellipse eigenvalue Uy for fixed Vy and 
ratio p /py x
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Fig. 6 .6  C r o s s - o v e r  of  U-V c u rv e s  f o r  i n c r e a s i n g  e c c e n t r i c i t y ,  
e = / ( I  -  p2 / p 2 ) , f o r  a mode ( 1 )  w i t h  z e r o e s  i n  t h e  y - d i r e c t i o n ,  e . g .
y x
t h e  n o n c i r c u l a r  d e f o r m a t i o n  of t h e  HE12  mode, and a mode ( 2 )  w i t h  more 
z e r o e s  th a n  ( 1 )  bu t  w i t h  none i n  t h e  y - d i r e c t i o n ,  e . g .  t h e  n o n c i r c u l a r  
d e f o r m a t i o n  of  t h e  HE12  mode, ( a )  C i r c u l a r  f i b e r ,  ( b )  E c c e n t r i c i t y  e CQ 
a t  which  t h e  c u t o f f s  a r e  t h e  same. ( c )  Between t h e  two " c r i t i c a l  
e c c e n t r i c i t i e s "  t h e  e i g e n v a l u e s  a r e  d e g e n e r a t e  f o r  some V, and t h u s  
c o u p l i n g  between  modes i s  more l i k e l y .  ( d )  E c c e n t r i c i t y  e^  a t  which  th e  
a s y m p t o t i c  (V -*■ 00) l i m i t s  of  t h e  e i g e n v a l u e  a r e  t h e  same. ( e )  S l a b  
l i m i t  when ( s )  becomes d e g e n e r a t e  w i t h  t h e  TEq mode.
6.6 POLARIZATION
If we are interested in the direction of the electric field vector, 
i.e. include polarization, then we note that in much of the above we 
have merely used "TE" to refer to a mode with the same weak-guidance 
field distribution as a TE mode, and this may be replaced by TM 
depending on the polarization. In particular, Eq. (6.3.2) also applies 
if we substitute TM throughout. Also, "odd polarized" HE or EH modes 
result in TE slab modes, whereas "even polarized" HE or EH modes result 
in TM modes.
In the weak-guidance limit, A -*■ 0 , modal propagation constants 
etc. are independent of polarization. However, if we account for finite 
profile height, A , then we get a slight "splitting". Nevertheless from 
a practical pointing view, A << 1 and this is usually much smaller than 
the splitting in Figs. 6.4 and 6.5 due to large ellipse eccentricities, 
as is b o m  out by the experimental results of Klein and Heinlein [15].
6.7 CONCLUSIONS
We have given a qualitative description of the dependence of order 
of cutoffs and eigenvalues on ellipse noncircularity, and noted some 
interesting degeneracies. In particular the noncircular deformation of 
the TMQm mode is not the first non-fundamental mode to be cutoff as is 
commonly thought. Understanding of the results is aided by noting modal 
correspondence as a circle is deformed into an ellipse and then a 
slab. This comes from symmetry and a straightforward application and 
development of the work of Snyder and Young [9]. Similar results also 
apply to other lightguides with cross-sectional shapes having two axes 
of symmetry, e.g. with rectangular cross-sections.
APPENDIX 6A MATHEMATICAL IDEAS
The aim here is to aid an intuitive understanding of earlier 
results by introducing the mathematical form of the modes. We make no 
attempt to provide rigorous proofs; that would form an interesting 
project in its own right.
As well as elliptical fiber modes being symmetric or antisymmetric 
about the x-axis, Skinner [16] has noted that symmetry/antisymmetry in 
the y-axis leads four scalar mode types of the form:
00
1 e e  V= E F2nU) cos2n([>
OO
1e o  v; ^ =  e F2n+1(R) cos( 2n+l )<[> ;n=0
OO
.0 0  V= E F2n(R) sin2n<}>
n=0
OO
lo e  r; ^ = e F2n+1(R) sin( 2n+l )<}>n=0
Here the first label '1 e* or 'o'
n=U
refers to symmetry or antisymmetry with
respect to the x-axis, and the second to that with respect to the y- 
axis. When the "azimuthal mode number" l is even then the combinations 
are 'ee' or 'oo', and when £ is odd we have 'eo' or 'oe? modes. Also 
F^ cos£<|> or F^ sin£cj> are certainly the dominant terms for nearly circular 
fibers.
Highly eccentric fiber mode transitions: Using the above forms we can
understand the result in Eq. (6.2.5) where lobes of the same sign
coalesce in L P ^  modes to form local TEq modes.
00Firstly, consider even £ with \J; = F q + F2 cos2(}> + ... . We
expect F q and F2 to be opposite sign. Thus for the example of 
the LPfi m°de we obtain the transition in Fig. 6.7(a).
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Pig. 6.7 (a) Transition of lp31 »ode al-slab 5des"
0
) Transition of LP 3 ]_ mode to four local —slab TEg modes'.
0OSecondly, consider odd i with ^ = Fi cos<|> + F3 cos3<f) + ... .
Again we expect and F3 to be of opposite sign and thus for the 
example of the LPfi mode we obtain the transition in Fig. 6.7(b).
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APPENDIX 6b ON THE SHAPE OF THE CLADDING FAR-FIELD OF A NONCIRCULAR 
FIBER
We now point out a difference between the field shape of (i) 
infinite profiles, e.g. the infinite-parabolic upon which the Gaussian 
approximation is based, and (ii) constant cladding profiles which model 
those found in practice. Firstly, for a given contour of constant field 
intensity we define Rm-j[n and Rmax to be the minimum and maximum values
of the radial distance R = r/p where p = (p^p^)1/2
Infinite—parabolic profiles: Fundamental mode field intensity contours
retain their shape as R is increased, i.e. = constant, as can
be seen from the field solution given as [Ref. 10, Table 16-1]
exp{- \ —  [—— I- —  ]} where V = (V V ) .  r L 2 p L p P x yx y
General infinite power-law profiles: We conjecture that the above
result also applies in the general case.
Constant cladding profiles: The field is not as noncircular as the core
profile. This result is useful in understanding the modal shapes of 
ultra-high birefringent fibers as it has been shown by Snyder and Riihl 
[2] that the scalar wave equation for circular highly anistropic fibers 
transforms to that for elliptical isotropic fibers.
Furthermore, field intensity contours tend toward circularity for 
large R. In particular Rmax-Rm n  becomes constant, and so we can choose 
R to be much larger than this. Physically this is obvious: when we
scale the problem for large R, the core which provides the only 
"deviation from circularity" becomes a relatively small point-like part.
Mathematically the result can be seen as follows. For simplicity 
consider the fundamental mode whose field can be represented as [17]
oo
tKR , 4>) = E an K_ (WR)cos2n4> (6B.1)~ zn An n=0
where the modified Bessel function has the asymptotic form
K (x) = /tt/2x e x {l + (4n2 - l)/8x + ...} . Thus to lowest order n
K (x ) has the same form and for WR »  1 we have
OO
iK r ,<JO - / ( tt / 2 ){ £ a^n cos2n<j)} e ^R//(WR) (6B.2)
n=0
If we consider the dominant contribution to be from ag and a2 then it 
follows that for large R
R ( <f> ) — R . (<t>)= 77 Än{( ag + a2 )/( ag - a2 )} ( 6B.3 )max min W 1 u
which is constant (tending to zero for near circular fibers with 
a2 «  ag ) as required. Thus
(R - R . )/R -> 0 as R + 00 max ram
and the deviation from circularity becomes insignificant.
APPENDIX 6C NUMERICAL RESULTS FOR EIGENVALUES
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The infinite-parabolic is the only noncircular profile with a 
simple analytic field solution. Even the step profile requires an 
infinite series of Bessel [17] or Mathieu functions [3]. Then to obtain 
a simple approximation for general noncircular profiles it is appealing 
to take a variational approach using the field solutions of the infinite 
parabolic profile as trial functions: this approach is the Gaussian
approximation. In Chapter 9 we outline a Green function method and 
reference other attempts at solution.
Fundamental mode for step ellipse: Assume a Gaussian field of the form
f(X,Y) = exp{-X2/A2 - Y2/A2 } (6C.1)x y
where X = x / p , Y = y / p , A  = a /p , A = a / p ;  p and p are the x y x x x y y y x y
semi-major and serai-minor axes; also ax and a^ are the spot sizes. It 
is then shown in Snyder and Love [10] that by minimizing the standard 
variational expression, considered in Ch. 8, one obtains a nonlinear 
equation for the spot sizes which we write in the form
2 2
f ( b ) = a(b) - 2£nV + j  £n( 1-e2 ) - j  (I0( b ) - Ix ( b )) = 0 (6C.2)y z z
with
{( 2-e2 )I0( b ) - e2I 1(b)}
a( b ) = - b -------------------------- -
{(2-e2 )l1(b) - e2I0(b)}
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where  = p ^ k ( n ^ Q -  t h e  e c c e n t r i c i t y  i s  e = (1 -  p2 / p 2 ) ^ ^  ,
and t h e  n o r m a l i z e d  s p o t  s i z e s  a r e  g i v e n  by A2 = l / ( a - b ) ,  A2 = l / ( a + b )  .
x y
We a l s o  deduce  t h a t  t h e  s c a l a r  wave e q u a t i o n  e i g e n v a l u e  d e f i n e d  
i n t e r m s  of  t h e  s e m i -m in o r  a x i s  p i s
y
~2 2V2 tt/2  . . . 2 n
U = — ^  /  e xp{-  G2(<f))} d<i> + \ {— ■■5- - + — 1 ( 6 C . 3 )y tt %  y 2 1 a 2 a 2
x y
where  G2( 4> ) = l / ( A 2 c o s 2c}) + A2 s i n 2<f>) . 
y x y
I n  F i g .  6 .8  we p l o t  Uy f i x e d  Vy and v a r y i n g  e c c e n t r i c i t y .  We no te  
t h a t  t h e  G a u s s i a n  a p p r o x i m a t i o n  f o r  t h e  s l a b  TEq mode ( S e c .  3 . 4 )  i s  
o b t a i n e d  when e = l .  As w e l l ,  a s  i n  t h e  u s u a l  R i t z  v a r i a t i o n a l  a p p r o a c h ,  
t h e  G a u s s i a n  a p p r o x i m a t i o n  p r o v i d e s  an u p p e r  bound f o r  t h e  f undam e n ta l  
mode e i g e n v a l u e .
H i g h e r  o r d e r  modes: I t  s hou ld  be s t r a i g h t f o r w a r d  t o  a p p ly  t h e  G a u s s i a n
a p p r o x i m a t i o n  t o  t h e  f i r s t  few h i g h e r  modes of  s t e p  e l l i p s e  f i b e r s ;  t h e  
odd and even  £=1 modes would be of  p a r t i c u l a r  i n t e r e s t .  Note  t h a t  
Hussey and Love [18]  have used th e  a p p ro a c h  f o r  c i r c u l a r  f i b e r s .
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E>
(V^-L^EXRCT SUiVg,
Fig.6.8 Gaussian approximation for step ellipse.
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7.1 INTRODUCTION
When the parameters of an optical waveguide are specified we may 
calculate its light guiding properties using three approaches: exact 
methods rely on analytical solutions to the wave equation or numerical 
techniques which can attain any required degree of accuracy; 
approximation methods give estimates based on perturbation schemes or 
simple trial functions and variational methods; and comparison methods 
identify a waveguide whose properties are well known and are expected to 
be very similar to those of the one under investigation. The third 
method has been used in fiber optics to produce equivalent step-index 
(esi) fibers and is potentially the easiest to implement. Our objective 
in this chapter is to further develop the comparison method by showing 
that it has a very simple mathematical basis both in the scalar 
approximation and in the full vector theory. This enables us to 
trivially derive the moment method [1,2] for circular cross-section 
fibers and to extend the applications to noncircular cross-section 
fibers. They could equally well be extended to planar waveguides.
We consider waveguides with a core of refractive index n(x,y) 
embedded in an infinite cladding with index n^. Our formalism leads 
directly to the generalized area (sometimes referred to as the ’profile 
volume' ):
00
A = // (n2-n2 ) dxdy , (7 .1.1 )
and then to the effective or average waveguide parameter
l/9V = k (A/tt yl , (7 .1.2 )
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where the it normalization means that for a circular cross-section 
step-index fiber, with radius p,
V = k p (nj; - n2 o cl =t-, ) L = V . (7.1.3)
In Eqs. (7.1.2) and (7.1.3), k = 2u/A is the wavenumber for the
wavelength X and nQ is the maximum refractive index. The importance of
equal A guides has been discovered empirically for step profiles,
e.g.[3,4,5], and some graded profiles [6], and derived analytically for
circular cross-section fibers in [2]. These findings are greatly
simplified and generalized in this paper.
Our concern throughout is for the propagation constants of the
fundamental modes and the cut-off parameters for the next higher order
modes which define the single mode region. In the following three
sections we assume that n -n so that vector properties may be builto cl
onto the scalar modes which we consider [7]. In Section 7.2 the basic 
formula and some general observations are presented and applications to 
circular cross-section and noncircular cross-section waveguides
follow. In Section 7.5 we deal with the vector formulation.
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7.2 BASIC FORMULA AND IMPLICATIONS
The scalar modes for an axially uniform waveguide have a field 
iK x,y )exp( i3z) where 3 is the propagation constant and satisfies 
the wave equation
V2^ + k2n2 )^ = 32^ . (7.2.1 )
We consider two waveguides with subscripts labelling the fields 
4>1 , i>2 » etc. and perform the following mathematical steps for common 
k: (i) multiply the wave equation for guide 1 by , and the equation
for guide 2 by ; (ii) subtract these two new equations; (iii)
integrate over the whole cross-sectional space and use the hermitian 
property of V2 [8]. This gives the basic formula
2 2 00 2 2
3]. - 32 = k2// (n^ - n2 ) i>\ ^ 2dxdy / // T|qiJ>2dxdy (7.2.2)
— 00 — oo
We are of course considering modes of the same symmetry so that the 
integral in the denominator of Eq. (7.2.2) is not zero. Eq. (7.2.2) is 
our basic formula for comparing the two waveguides. We shall be 
especially concerned with fundamental modes; these have the important 
property that ^(x,y) is non-zero for all finite x and y.
7.2.1 General deductions for fundamental modes
Since ^ ^ > 0  , Eq. (7.2.2) implies that if n^>n^ at all points 
then 3i>32. This enables us to produce bounds in all sorts of 
situations. In Fig.l we show profiles in graded index circular cross- 
section fibers, (a), and various shaped step-index guides, (b) and (c), 
such that 3^>32>33 . In the step-index case in Fig.7.1(c) we show two
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(a)
Fig. 7.1 Fibers 1,2 and 3 such that 3]_> $3* (a) Refractive
index profiles in circular cross-section fibers, (b) elliptical and 
rectangular step-index fibers, (c) circular and irregular step-index 
fibers. The step-index fibers all have the same central and cladding 
refractive indices.
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c i r c l e s  which  g iv e  t h e  bounds 3i and ß3 and ,  s i n c e  3 f o r  a c i r c u l a r  
c r o s s - s e c t i o n  f i b e r  i s  a m onoton ic  f u n c t i o n  o f  r a d i u s  p,  we deduce  t h a t  
t h e r e  i s  a c i r c u l a r  c r o s s - s e c t i o n  g u id e  which  has  e x a c t l y  3 = 32 • I n  
t h i s  p a p e r  we seek  to  d e t e r m i n e  such e q u i v a l e n t  g u i d e s .
When k ,  o r  g e n e r a l l y  V, becomes s m a l l  t h e  g u i d i n g  i s  ve ry  s l i g h t
and t h e  modal  f i e l d s  a r e  a lm os t  c o n s t a n t  o v e r  t h e  c o r e .  I n  t h i s  c a se
2 2
4,i4’2~c o n s t a n t , so f o r  n ^ - ^ ^ O  Eq. ( 7 . 2 . 2 )  g i v e s  31 =3^ when
2 2 2 
k J J ( nj_- n2 ) dxdy
2 2 2 2 2 
= k / /  [ ( n i — n 1 ) -  ( n 2~ n )] dxdy
_  2 _  2
= ir ( V1 -  V2 ) . ( 7 . 2 . 3 )
Thus we deduce  t h a t  waveguides  w i t h  t h e  same e f f e c t i v e  waveguide  
p a r a m e t e r s  behave  s i m i l a r l y  as  V -> 0 . For  l a r g e r  k t h e  e f f e c t s  of  
shape  w i l l  come i n t o  p l a y  and 3 i s  no t  d e t e r m i n e d  s o l e l y  by t h e  g r o s s  
i n t e g r a t e d  r e f r a c t i v e  i n d e x  d i s t r i b u t i o n .  The n e x t  s e c t i o n s  i n t r o d u c e  
t h e  shape  dependence  o f  3. The " shape"  can r e f e r  t o  c o re  c r o s s - s e c t i o n  
s h a p e ,  i n d e x  p r o f i l e  sha pe ,  o r  a c o m b i n a t i o n  of  b o t h ,  and examples  of
each  c a se  a r e  g i v e n .
190
7.3 CIRCULAR CROSS-SECTION FIBERS
We begin with some notation. The refractive index for fiber i is 
written as
2 2 2 2
n.(r) = n + (n n -) s.(r/p.) , r < p. ,l cl oi cl 1 1 1 (7.3.1a)
cl r > p. (7.3.1b)
where is the radius and s^ is the profile shape function. We then 
introduce moments defined by [2]
T( i ) / [n.(r ) - n ] rn i cl
nrfldr (7 .3.2a)
( 2 2 >. m+2 ( i )
(no i ' nc l ) p i nm (7 .3.2b)
where the shape function moments are
X i )ß'*' = / s.(R) R ^ d R  .m J n i (7 .3.3 )
The normalized moments are
- (i) (i), (i)Nm = Nm / N0 , (7.3.4)
ß ^  »m m (7.3.5)
and then Eqs. (7.1.1) and (7.1.3) show that (v)2 is a normalized
version of :
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2
2 k
2
2 V.i (7.3.6)
Moments for some commonly used profiles are tabulated in Appendix 7A.
7.3.1 Fundamental modes
In general we can write
^1^2 = 1 + C2(k)r2 + C4(k)r4 + ••• (7.3.7 )
and (7.2.2) reveals that 3]_= 82 when 
o° 2 2
k2  ^ [ni(r) - n2(r)] [1 + C2r2 + •••]r dr = 0 . (7.3.8)
In terms of the moments in Eq. (7.3.2), this condition is
oo
(No ! ) - N o2)) +  E c9.(k) (N(?l } - N(2)) = 0 . (7.3.9)j = l z3
This can be satisfied exactly for all k only by making each and every 
term in the sum individually zero; this requires all moments, and thus 
the profiles, to be exactly the same. In general, for different profile 
shapes the choice of scaling parameters which gives waveguides with 
81=62 exactly depends on wavenumber k. However, for 'small' k and in 
the single mode region, only the first few coefficients in (7.3.7 ) will 
be of importance. In particular, we may expect 61-62 to a good 
approximation over a range of k values if we satisfy (7.3.9) for the
first two terras so that
192
z ►—
* 
v-
/
II „(2)No (7.3.10a)
II
r-H
v-^CM
„(2)N2 (7.2.10b)
These equations define equivalent fibers to a good approximation.
This type of procedure is used repeatedly in this paper to obtain 
equivalent fibers.
Since the step fiber is well understood and is defined by only two 
parameters (n and Pg ) , (7.3.10) can always be used to determine an 
equivalent step-index (esi) fiber. Solving these equations, we find 
that fiber 1 has an esi fiber with
Vg = Vx , (7.3.11a)
Ps = p1/(2^21)) • (7.3.11b)
The calculation of fundamental mode properties, such as propagation 
constant, group velocity, dispersion and spot size, for fiber 1 in terms 
of the esi fiber is carried out in detail in [2] where it is shown that 
the results are highly accurate. Eq. (7.3.11) is derived differently in 
[2 ].
The parameter Nq measures the amount of dopant material used to 
form a core profile [2,9] so that (7.3.10a) or (7.3.11a) says that 
equivalent fibers have the same "degree of guidance" [9]. Eq. (7.3.10b) 
can be converted to according to (7.3.4). The generalized
moments are shape parameters so that equivalent fibers also have the 
same first shape parameter. The shape function moments of (7.3.3) 
define the esi fiber radius in (7.3.11b) through the shape parameter
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7.3.2 Second mode cutoff
We now require fibers with 31 = 3^ = kn  ^ . The above procedure 
can be repeated for the second modes where
^1^2 = ( s°n20 1 r2 { 1 + c2r2 + • • • } . (7.3.12)
Substituting into (7.2.2) with ßi = ß2 , and converting the resulting 
condition into one involving moments as we did above, we find that the
fibers equivalent for second modes have
„(2) = n 2 (7.3.13a)
Mu )n 4 „(2)— n4 . (7.3.13b)
Using (7.3.2) in these equations leads to
Vi fi2X V Jni1 ^ = V2 ft22 V  / 2 ^ (7 .3.14 )
where V is the standard waveguide parameter as in (7.1.3). We now let
fiber 2 be the esi fiber so that ft22 ^=l/4, ^4^^=1/6 and at cutoff 
V2=2.405. With a little manipulation we convert (7.3.14) into
V = 2.405/(1 - X) (7.3.15a)co
where
X = 1 - 2ft2//(3ft4 ) (7.3.15b)
The parameter X depends only on the normalized moments or profile shape 
parameters [2] and is zero for a step-index fiber. Eq. (7.3.15) says
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that the effective cutoff parameter is the same as that for a step-index 
fiber except for a small shape correction. The approximation 
V co=2.405 was given empirically and its good degree of accuracy 
established in [9]. Eq. (7.3.15) increases the accuracy and, for 
example, the cutoff in the extreme case of a linear dip fiber is given 
to within 0.6% whereas the error was 5.1% in [9].
7.3.3 W-fibers
In this case the cladding refractive index in (7.3.1) is modified 
to
n?( r )l cl P.  < r < p l out (7.3.16a)
r > p (7.3.16b)ocl ’ out
where nQC^ is the index of the outer cladding. We assume that the 
fibers being compared have the same nc^, noci and pout- as depicted in 
Fig. 7.2. In this case only terms in the core regions survive in (5) 
and the analysis proceeds exactly as in Secs. 7.3.1 and 7.3.2 above.
Thus any graded core W-fiber can be replaced by a step core W-fiber, but 
not by a conventional step-index fiber with a uniform cladding. That 
would require a more elaborate transformation with ng and p g depending 
on k, an observation which is highlighted by the fact that we would 
require Vg = 0 at the k value for which the W-fiber fundamental mode is 
cutoff.
The fundamental mode cutoff is a special feature of W-fibers and 
the present ideas combined with the work of Monerie [10] provide a good 
approximation for the limiting parameters. Eqs. (7.3.10) and (7.3.11)
CM OCM
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Fig. 7.2 Profile with depressed cladding and associated esi W-fiber 
profile.
give (dropping super and subscripts for the arbitrary core profile W- 
fiber) the equivalent step core W-fiber and its S and R parameters [10]:
Pout//ps P o u t / p / ( 2S22 )
R  =  { •
lcl o cl 1
,2 _
cl
n" - ncl
N2
( "cl " "ccl5 Ng
n2 - 
[ cl nocl,
{ r.2 - „2 1 (
(7.3.16a)
(7.3.16b)
196
Then equation (4) in [10] gives VCQ for the fundamental mode in terms of 
R and S.
The second mode cutoff follows from (7.3.13) as in Sec. (7.3.2), 
but now fiber 2 will be an esi W-fiber. This approach gives cutoff 
parameters to an accuracy of order a few percent in most cases of 
interest and is trivial to implement in comparison to the more elaborate 
esi variational method reported in [11]. We find that V (as defined in 
(7.1.3)) is given at cutoff by
V (c,a) = V (c ,o ) {3^4/8^|}/2 , (7.3.17)CO CO,S S S 1
where subscript s indicates the esi W-fiber and, as in [11],
c = p / p ,  (7.3.18a )out s
a (n2 - n2 ) / (n2 - ocl cl o Vi’
so that from (7.3.13)
(7.3.18b)
cs {2^2 /3^4 }1/2 (7.3.18c)
(((4tt2 )3/(6ß4)2 ) (1 + 1/a) - 1} 1 . (7.3.18d )
For power—law dips (defined in Table 7.1 and [11]) the accuracy is very 
good: for c = 3.0, o = 0.5, the errors are 0.18% for q=8, 0.79% for
q=4 and 1.9% for q=2. For power—laws the corresponding errors are 
2.6%, 6.9% and 19.2% respectively. The power-law results are less
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good, but these do not model the experimentally measured cases (see 
Fig.10 in [11] where the profiles are closer to power-law dips), for 
which the theory should work well. Also note that cutoff is an 
experimentally ill-defined quantity: in practice, because of losses
suffered by the second mode, a fiber is effectively single-moded 
somewhat above the theoretical cutoff [12]. The power-law results were 
all higher than the exact value, (the more accurate power-law dips were 
all lower). Thus our simply-obtained results should be sufficient for 
most purposes.
We have seen above that the second mode is highly influenced by the 
shape of the profile at the core-cladding boundary, but is virtually 
unaffected by on-axis dips. This fact is obvious from our approach 
since the moments are far less affected by profile changes near to the 
fiber axis than at the core-cladding boundary: see Table 2 and the 
resulting discussion in [2], for example.
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7.4 NONCIRCULAR OPTICAL FIBERS
The general result in Sec. 7.2.1, that all waveguides with the same 
V have the same propagation constant $ as V+0, holds irrespective of 
core or index profile shape. In this section we seek the modifications 
for larger V which depend on core shape and then, in Sec. 7.4.5, on 
both core and profile shape. For small deviations from a circular 
cross-section we expect comparison with a circular guide still to be 
fruitful, Secs. 7.4.1 and 7.4.2 below, but for larger deviations it is 
necessary to use an elliptical or rectangular guide as a reference,
Secs. 7.4.3 and 7.4.4.
We introduce the general moments for a guide with index n^(x,y),
Moments for elliptical and rectangular guides are given in Appendix I.
7.4.1 Circular-noncircular comparison: fundamental modes
We consider step-index guides which are nearly circular so we may 
take ^1^2 to t>e well approximated by (7.3.7 ). Then use of (7.2.2) will 
give 3 L for k and ^1^2“ 1+C2(k)r2 = l+c2( k X x2+y2 ) when
(7.4.1)
Note that C i )Mqo is the generalized area A in (7.1.1) and for a
circular cross-section:
(7.4.2)
(7.4.3a)
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M(l) ,M20 + w( 1 )Mo 2 2 tt N 2  1 ^ M(2) .M20 + w( 2 )Mq 2 (7 .4.3b)
and we assumed guide 1 to be circular in cross-section. Eq. (7.4.3a) 
again converts to Vi= V2 and (7.4.3b) enables us to relate the 
radius p of guide 1 to the geometrical parameters of guide 2.
As an example, we consider an elliptical guide with semi-major and 
semi-minor axes a and b. Using obvious subscripts c and e, 
(7.4.3a) and (7.4.3b) give an equivalent circular guide:
V = c ^e > (7 ,4.4a)
P2 = (a2 + b2 ) / 2 , (7.4.4b)
(n2 - oc n2 ) = (n2 - n2 ) { 2ab / (a2 + b2 ) } .cl oe cl (7.4.4c)
Thus the usual parameter W, defined in terras of the minor axis, is given 
by:
W = b ( 32 - k2n2 ^ )^ 2 = w^/{2b2/( a2 + b2 )} . (7.4.4d )
For nearly circular ellipses this simple formula gives a reasonable 
first estimate (within 3% for a/b<1.33 and V =2). Going beyond the 
idea of the comparison method, a simple but highly accurate formula is 
produced in Appendix 7B by considering a perturbation due to non-equal 
moments.
As a second example, consider a rectangular guide (r), with semi­
axes a,b. The equivalent circular guide is given by:
V c Vr (7.4.5a)
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P2 = ( 2/3 ) ( a2 + b2 ) , (7.4.5b)
(n2c~ n2 ^ ) = (n2^- n2ci ) { 6ab / [ tt( a2 + b2 )] } . (7.4.5c)
7.4.2 Circulai^noncircular comparison: higher order modes
The second mode on a circular fiber has
Tp = ( cosG or sinO ) r f(r) (7.4.6)
= ( x or y ) f( r ).
The degeneracy shared by these modes is destroyed by deviations from 
circularity. For use in our basic formula (5) we consider second even 
and odd (relative to the x-axis) modes, denoted by e and o superscripts, 
so that
( ^1 ^2 ) x2 [ 1 + c^(k) r2 + • • (7.4.7a)
( Pi ^2 ) y2 [ 1 + c°(k) r2 + ••• (7.4.7b)
and the intensity patterns are as in Fig.7.3. To the order of this 
approximation, (7.2.2) indicates that guides 1 and 2 have the same 3 , 
and therefore the same cutoff, when
M(1) = M(2)20 20
MU ) + M(1) .22 40 + M 22 40
(2)
even
modes (7.4.8)
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Fig. 7.3 Intensity patterns in circular, elliptical and rectangular
fibers for the second (a) even and ( b )  odd scal a r  modes
M U )  = 02 odd
M U )  +  n 22 M( 2 )  +  22 4a2) modes
(7.4.9)
To illustrate the use of these formulae, we let 1 be the circular guide
and 2 be the elliptical guide with semi-major and minor axes a and b.
After a little algebra we find the cutoff parameters for the ellipse, in
terms of V = 2.405 for the circle, co
V 2.405 ( 1 - X)1/2 (7.4.10)
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where X is the shape factor given by
X = X£ = (1 - b2/a2 )/4 , even mode (7.4.11a)
X = X = (1 - a2/b2 )/4 , odd mode. (7.4.11b)o
For the circular case, a=b and Xe=XQ=0. Fig.7.4 plots cutoff 
parameters for ellipses with aspect ratios up to 2:1 and formulae 
(7.4.11a) and (7.4.11b) show good accuracy.
-----  approx.
30------ exact
even
Fig. 7.4 Plot of V c0 » value at cutoff of the effective waveguide
parameter in (7.1.2), for even and odd second modes in elliptical step- 
index fibers with semi-major and semi-minor axes a and b. The 
approximate curves are from (7.4.10), (7.4.11) and (7.4.11b). The exact 
results are taken from [13,14].
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The same calculation can be carried out for any guide and in each 
case a formula like (7.4.10) will be obtained. The validity of these 
results diminishes with greater departures from circularity but in each 
case we find initially that V i s  the circular value times a shape 
correction. This idea was introduced in an ad hoc manner in [5] to fit 
some empirical results.
7.4.3 Ellipse-rectangle comparison: fundamental modes
The development here is similar to that used in Sec. 7.3.1, but the 
loss of circular symmetry implies that
^1^2 ~ 1 + C20Ü O  x2 + c02(k) y2 + *" * (7.4.12)
Equivalent guides are obtained by substituting (7.4.12) into (7.2.2) and 
demanding that ß^= 02 f°r k. In terms of moments, (7.4.1) this
requirement implies
(7 .4.13a)
(7 .4.13b)
(7.4.13c)
These equations are general, and we apply them to graded-index 
waveguides in Sec. 7.4.5. If we take 1 to be a step-index elliptical 
guide (semi-axes aQi bg ) and 2 to be a step-index rectangular guide (2ar 
by 2br ) these conditions lead to
(7.4.14a)
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(ae/be ) = (ar/br ) , (7.4.14b)
(a /a ) = (b /b ) = 2//3 ,e r  e r (7.4.14c)
( n2 - n2 ) = ( 3 / it )( n2 - n2 ) .oe cl or (7.4.14d )
Thus equivalent elliptical and rectangular guides have the same 
effective waveguide parameter and aspect ratio; this explains the 
results plotted in Fig.2 of [5] where the special case a/b=2 is used.
The last two results, (7.4.14c) and (7.4.14d), show that the sides of 
the rectangle cut the equivalent ellipse so that it is intermediate 
between 1 and 3 shown in Fig.7.1(b), and that the ellipse central index, 
nQe, is less than the rectangle central index, nQr.
Eqs. (7.4.13) can be applied to any situation in order to generate 
an equivalent elliptical (or rectangular) guide in order to estimate 
guiding properties.
7.4.4. Ellipse-rectangle comparison: higher order inodes
The second mode set will consist of even and odd modes so that
(4>1^2 )e x2 [ 1 + cfox2 + C02Y2 + • • • (7.4.15a)
(^ 1^2 )° y2 [ 1 + C2QX2 + C02Y2 + • • • (7.4.15b)
Following the now-standard procedure with (7.2.2) we obtain the
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c o n d i t i o n s  f o r e q u a l  c u t o f f  p a r a m e t e r s
, ( 2 ) ,( 1 )_ w( 2 )
, ( 2 )
even
mode ( 7 . 4 . 1 6 a )
odd
mode
( 7 . 4 . 1 6 b )
The even  modes have t h e  l o w e s t  c u t o f f  V and so a r e  most  i m p o r t a n t  i n  
d e f i n i n g  t h e  s i n g l e  mode r e g i o n .  Us ing t h e  e and r  s u b s c r i p t  
n o t a t i o n  i n t r o d u c e d  i n  t h e  p r e v i o u s  s u b s e c t i o n ,  we f i n d  from ( 7 . 4 . 1 6 b )
V = ( / 1 0 / 3  ) V = 1.054 V , ( 7 . 4 . 1 7 a )c o , e  c o , r  c o , r
( b  / a  ) = / ( 5 / 3  ) ( b  / a  ) = 1.291 ( b  / a  ) . ( 7 . 4 . 1 7 b )e e r  r  r  r
At c u t o f f  t h e  e f f e c t i v e  wavegu ide  p a r a m e t e r  V i-s s l i g h t l y  l a r g e r  f o r
an e l l i p s e  t h a n  a r e c t a n g l e ,  bu t  t h e  a s p e c t  r a t i o  i s  d e c r e a s e d .  Given
t h e  V v e r s u s  ( b / a )  cu rve  f o r  an e l l i p s e  we can c o n s t r u c t  t h a t  f o r  a co
r e c t a n g l e  ( o r  v i c e  v e r s a ) .  T h i s  i s  done i n  F i g . 7 . 5 ( a )  where t h e  
a c c u r a c y  of  t h i s  e q u i v a l e n c e  can be o b s e rv e d  t o  be q u i t e  good; i t  
compares  f a v o r a b l y  w i t h  t h e  agreement  ( e . g .  3%) be tw een  d i f f e r e n t  
n u m e r i c a l  methods [ 1 4 ,1 5 ]  and [ 1 6 ] :  we were l i m i t e d  by t h e  amount of  
’ e x a c t '  r e c t a n g l e  d a t a .  We n o t e  t h a t  a r e c t a n g l e  w i t h  ( b / a )  > 0 .775  
h a s  an e q u i v a l e n t  even mode e l l i p s e  w i t h  ( b / a )  > 1 , o r  e q u i v a l e n t l y  
t h i s  would c o r r e s p o n d  to  an odd mode w i t h  t h e  i n v e r s e  of  t h a t  a s p e c t  
r a t i o .  Eqs.  ( 7 . 4 . 1 6 b )  a l s o  show t h a t  t h e  even  mode c u t o f f  e q u i v a l e n t  
f i b e r s  w i l l  have
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— n;1-------
ellipse, exact 
rect., exact 
rect., approx. >
( a ) (b)
F i g .  7 . 5  ( a  E f f e c t i v e  w a v e g u i d e  p a r a m e t e r  a t  t h e  s e c o n d  odd mode 
c u t o f f  i n  e l l i p t i c a l  and r e c t a n g u l a r  f i b e r s .  The a p p r o x i m a t i o n  f o r  t h e  
r e c t a n g l e  f o l l o w s  ( 7 . 4 . 1 7 )  and t h e  e x a c t  r e s u l t s  a r e  t a k e n  f r o m  
[ 1 4 , 1 5 ]  and [ 1 7 ] .  ( b )  Second e v e n  mode e q u i v a l e n t  r e c t a n g l e  f o r  a 
c i r c l e .
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a = /(6/5) a ,e r (7 ,4.18a)
(7 ,4.18b)
The equivalent second even mode rectangle for a circle is shown in
7.4.5 Graded index noncircular waveguides
We can consider both cross-section and index profile shape to 
obtain formulae for any dielectric waveguide in terras of some suitable 
equivalent guide, using the basic results of Eqs. (7.4.13) and (7.4.16). 
For near circular fibers an esi circular cross-section fiber would be 
used. We illustrate the procedure by producing formulae for an esi 
elliptical fiber.
Consider ellipses and rectangles with power-law grading: these are 
defined in Appendix 7A, where their moments are also given. We drop the 
subscripts for the graded guides. The fundamental mode esi ellipse (se) 
is given by using these moments in (7.4.13) to reveal:
Fig.7 .5(b).
Vse V (a/b) = (a/b) ,se (7.4.19a)
(7 .4.19b)
( n2 - n2 ) = f2 (n2 - n2 ) q( q+4)/(q+2 )2 ,ose cl  ^ o cl (7.4.19c)
where fi=f2=1 for power-law ellipses; and f1= 2//3 , f2= 3/ir for
power-law rectangles.
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For second mode cutoffs, we use (7.4.16) to obtain:
Vc0 = f3 Vc0(Se[(q+2Xq+6)]1/2 / (q+4) , (7.4.20a)
(b/a) = f4 (b/a) , (7.4.20b)
where fß= f^= 1 for power-law ellipses; and f3= ZlO/3 , f4= /(5/3 )
for power-law rectangles.
Note that in Eq. (7A.4) the moments are neatly written in terms 
of (i) profile grading shape, and (ii) cross-section, i.e. equal 
refractive-index contour shapes. Thus simple esi formulae could be 
generated for any situation.
7.5 VECTOR PROBLEMS
The development in the previous sections can be carried over to the 
vector world by using the vector equivalent of (7.2.2)
1/  ° °  £
(e /b y2 k // (nj - nj) ei. g2 dxdy
ßj- ß2 = — -------- — ------------------------ . (7.5.1)
// { £lx ]}2 + ®2X hi } * z dxdy
— OO
In (7.5.1) _e^ and _h are the modal electric and magnetic fields; and
Pq are the free-space permittivity and permeability. This formula is 
proven in [17] on the basis of the reciprocity theorem. In the weak
A A
guidance approximation, we set the transverse field e = e ^ where e is 
an appropriate unit polarization vector and the whole theory requires 
only the scalar modes 4» to calculate waveguide properties [7].
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In the complete theory we can identify modes on different wave­
guides which have similar polarization properties so that ei.e* is not 
zero or very small. For example, the near x-polarized modes on ellipses 
and rectangles should be compared. Using these ideas we again obtain 
conditions for which 3i ~$2 f°r particular modes. We illustrate this 
approach by considering birefringence in slightly elliptical fibers and 
obtaining equivalences between elliptical, rectangular and other shaped 
waveguides.
7.5.1 Birefringence in slightly elliptical fibers
In this section we show that the numerical results presented in
[18,19] are given quite accurately by simple formulae obtained by using
our comparison method. If we consider the case when e_ is principally in
*the x-direction, then e^*e2 will have the form given in (7.4.12) and
(7.5.1) will give 3, - 3« when the conditions in (7.4.13a-c) are1 ,x 2,x
satisfied. A similar calculation shows that these conditions also imply
3, - 30 in this case and so fibers with equal birefringence,l>y 2,y
3 ~ 3  , are identified,x y
To make contact with [18,19] we now take fiber 1 to be an 
elliptical step-index fiber (identified by subscript s) and the other 
one (leaving its quantities unsubscripted) to be an elliptical fiber 
with power law profile as in Appendix I. Solving (7.4.13a-c) gives
(7.5.2a)
as
1
a [( q+2 )/( q+4 )]k (7 .5.2b)
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a / b  s s a / b  , ( 7 . 5 . 2 c )
( n2 -  n2 ) os  c l ( n
2 _ n2  ^) [ q( q+4 ) / (  q+2 )2 ] ( 7 . 5 . 2 d )
Thus t h e  e s i  f i b e r  has  t h e  same V and a s p e c t  r a t i o  o r  e l l i p t i c i t y  bu t  
i t s  d i m e n s io n s  a r e  s c a l e d  depend ing  on t h e  power law p a r a m e t e r  q. I n  
[15]  i t  i s  shown t h a t  b i r e f r i n g e n c e  i s  a f u n c t i o n  of  V i n  t h e i r  weak 
g u i d a n c e  s m a l l  e l l i p t i c i t y  case  when i t  i s  n o r m a l i z e d  by t h e  d e f i n i t i o n
= a [ß -  g ] /  [ e 2(2 A ) 3 / 2 l x y ( 7 . 5 . 3 )
where
1 -  b2 / a 2 ( 7 . 5 . 4 a )
1 -  n2 /  n2 
c l  o
( 7 . 5 . 4 b )
Eqs .  ( 7 . 5 . 2 . a - d )  i d e n t i f y  e q u a l  b i r e f r i n g e n c e  f i b e r s .  Assuming weak- 
g u i d a n c e ,  i . e .  ( l - 2 A s )^l , t hey  combine to  g i v e  t h e  n o r m a l i z e d  
b i r e f r i n g e n c e  r e s u l t :
63(V)  = S 63 (V ) (7 . 5 . 5 a )
where  S i s  a s c a l i n g  f a c t o r  due t o  t h e  n o r m a l i z a t i o n  i n  ( 7 . 5 . 3 )  and 
g i v e n  by
q3 /2  ( q+4 )2 /  ( q + 2 )7 / 2s ( 7 . 5 . 5 b )
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This result says that the normalized birefringence when considered as a 
function of V is the same for all power-law fibers except for a 
scaling factor, S, depending only on q. In Fig.7.6 we plot the result 
for the clad-parabolic case, and, comparing with the exact result, we 
find an error of 2% at the point of maximum birefringence, although 
beyond the single-mode region this error increases because the field 
becomes more sensitive to profile shape.
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--------parabolic, exact
.........  parabolic, approx.
0 2 - 4  6V
Fig. 7.6 Birefringence in step and clad-parabolic fibers of elliptical 
cross-section with small eccentricity. Exact results are taken from 
[18,19] and the approximation for the the clad-parabolic fiber follows 
(7.5.4).
Eq. (7.5.5a) is general: for weakly-guiding fibers with the same
cross-sectional shape the scaling factor S depends only on the grading 
function. Making use of Eq. (7A.4) and repeating the above procedure 
for ellipses of arbitrary grading as defined in Appendix 7A we obtain:
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S = (2ß0)3/2 / (2!J2)2 (7.5.5c )
where the U are the shape-function moments of the correspondingly m
graded circular profile.
7.5.2. Ellipse-rectangle comparison: birefringence
As in Sec. 7.5.2 we use Eqs. (7.4.12) and (7.4.13). Then (7.4.14)
is the requirement for step-index elliptical and rectangular guides to
have the same birefringence. In Fig.7.7 we compare the birefringence
for an aspect ratio of 2:1. Birefringence concerns a difference
between the propagation constants 3 , 3 rather than their actualx y
values. Thus (i) there is considerable uncertainty in the rectangle
9 9results which were calculated from plotted values of b=W^/V‘_ for each 
polarization; and (ii) we would not expect the agreement to be as good 
as earlier comparisons involving 3 itself. Nevertheless this 
comparison of shape birefringence provides a good result for a first 
theory: we emphasize the qualitative insights. The experimental 
situation usually involves a large component of stress birefringence: 
for that case we could generalize the theory to include anisotropy.
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Fig. 7.7 Birefringence for step-index elliptical and rectangular 
waveguides. Results are taken from [20] and Fig.9 of [15]. bQ is the 
ellipse semi-minor axis.
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7.6 CONCLUSION
The ideas developed in this paper show which waveguides are 
equivalent as far as their light guiding properties for the first few 
modes are concerned. The results are not exact, but in most cases the 
accuracy is extremely good, when we consider what is experimentally 
meaningful. Most important are the facts that the underlying theory and 
mathematical details are simple, and the results allow us to readily 
appreciate the role played by waveguide and refractive index profile 
shapes in determining guiding behaviour. The importance of the 
effective waveguide parameter V is everywhere apparent.
If waveguide properties are required to high accuracy we must 
employ the approximation or exact methods mentioned in the 
Introduction. In this case the results of the comparison methods 
mentioned should serve as a good guide; for example, an esi fiber 
provides an excellent approximation for perturbing around and few 
expansion terms may be required - see Appendix 7B. Similarly in exact 
numerical methods the starting values in routines which converge 
iteratively to the final answer can be taken from the comparison method
results.
216
APPENDIX 7A MOMENTS
Circular cross-section fibers
In Table 7.1 we give the dimensionless shape function moments 
fi2 m defined by (7.3.3) for some commonly used clad profiles with shape 
s(R) defined by (7.3.1). (^ ) is the usual binomial coefficient.
Table 7.1. Dimensionless moments for circular fibers
Profile shape s(R) 2m
Step l/[ 2m4-2]
Power-laws 1 - R^ q/[ ( 2nrt-2 X 2nrl-2+q )]
Power-law dips 1 - (1 - Rp ^  ( 2 ^ + 2 )  (p>
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Noncircular cross-section waveguides
Consider profiles with with length scales a,b in the x,y 
directions. We rewrite (7.4.1) in the form:
M., = (n2 - n2 ) a^+* A., (Al)jk o cl jk
For profiles with two orthogonal axes of symmetry (2a,2b) the
dimensionless noncircular moments are symmetric, i.e. A. = A, . .jk kj
Examples of step-index profiles are given in Table 7.2; the required 
Beta function [21] is given by
B( j+ y 2 , k+V2 ) = 2"j"k it (2j-l )! ! (2k-l )! ! /(j+k)! .
Table 7.2 Dimensionless moments for step—profile noncircular waveguides
Profile Shape Core Region A00 A20 A22 A40 A2j,2k
2 2 '2Step Ellipse 0 < { } <a b J
TT TT 7T
1 71 4 8 24
B( j+ V2 , k+ V2 )
(j+k+l)
-a < x < a
Step Rectangle
-b < y < b
, 4 4 4
4 3 5 9
4
( 2j + l )( 2k+l )
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Graded index noncircular waveguides
We consider graded noncircular waveguides with profiles:
n2(x,y) = n2 + (n2 - n2 ) s(x,y) , (7A.2a)cl o cl
s(x,y) = s( K) , 0<£<1 , (7 A. 2b)
K = r/p(9) , x = r cosG , y = r sinO , (7A.2c)
where p(0 ) gives the boundary of the core cross-section. Note that 
p(0) defines the geometric cross-section shape. The function s(£ ) will 
define the shape of the refractive index profile height. For example, 
in an elliptical guide
p(0)
r cos20 
1 ~ ^
sin20 
+ — b2 - (7A.3a)
and for a power-law profile 
s(x,y) = 1 - . (7 A.3b)
We find that the moments of a graded profile (g) are related to the 
moments of the step profile (s ) of the same cross-sectional shape via a 
grading term dependent on the moments of the correspondingly graded 
circular profile:
.(g)j,k n(s))“j+k; Xs)j,k (7 A.3c)
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Moments for graded ellipses and rectangles are thus constructed from the 
results of Tables 7.1 and 7.2. For example, power-law rectangles have 
moments
2j+l , 2k+l
, /  7 _7 \ a b  q
^2j , 2k 4 ( no ” ncl; ( 2j+2k+2+q ) (2j+l ) ( 2k+l ) ' (7A.5)
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APPENDIX 7b . CONTRIBUTION DUE TO NON-EQUAL MOMENTS
In this chapter it has not been our intention to extend beyond the 
comparison method. But here we illustrate a perturbation of an esi 
circle (c) result to obtain a simple yet highly accurate eigenvalue 
expression for non-circular guides.
Firstly we define circular field moments for noncircular profiles:
N = // [n2( r , 9 ) - n2 ] r ^ d r d O  = [n2 - n2 ] am+2G . (7B . 1 )m Z7T J J cl o cl m
The G = G /Gn were introduced in an ad hoc manner in [5]. They arise m m 0
naturally from our approach as terms in the expansion of (7.2.2) after
2
the approximation ^  : (the circular field assumption is
eminently reasonable since the field of a clad noncircular guide is not 
as noncircular as the core profile). We find that the circular results 
of [2] generalize to the noncircular case by replacing by Gm .
One could obtain an esi circle for noncircular guides by equating 
the Nq 's and ^ ' s  as in Sec. 7.4.1; then we could consider a 
perturbation correction due to the N^'s, i.e. the lowest non-equal 
moments appearing in the expansion of (7.2.2). However, a more accurate 
formula is given by equating the Nq 's and N^'s; the perturbation 
correction then comes from the ^'s, and requires the field coefficient 
C£(^) from the step core field expansion. This is analogous to the 
approach used in [2], and yields:
W2(V ) c { i +
4J?(U )c
} .
2G2
/(3G4 )
x = 1
/(3G4 )
(7B.2)
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For a step ellipse: G 2 - {l+(b/a)2}/4 ,
G4 = {3+2( b/a )2+3( b/a )4} /24 ; Eq. (7A.5) then gives W to an accuracy of 
0.4% for (a/b)=1.33, and 1.5% for (a/b)=2.0, both at V=2.0. The 
accuracy of this simple formula compares favorably with that obtained by 
large numerical calculations, although it decreases rapidly for (a/b) > 
2.5 .
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8.1 INTRODUCTION
Following on from Ch. 7 we firstly "extend" the moment method to 
planar lightguides, and then consider the link between moment and 
variational methods.
We find that the fundamental mode of a symmetric slab lightguide is 
described to a high degree of accuracy using only two moments of the 
refractive index profile. As with the fiber, the two moments can be 
used to define an equivalent step index lightguide, and the fundamental 
mode propagation constant of an arbitrary profile guide is given by the 
step index value multiplied by a simple correction factor. However note 
that the accuracy is greater than for the analogous fiber case. Another 
interesting difference is that the effective slab waveguide parameter V 
is most naturally defined in terms of both of the lowest two moments, 
and thus depends on profile shape. Recall that the analogous fiber 
parameter only depends on the lowest moment and thus the amount of core 
depart rather than the shape. The limit to single mode operation, the 
second mode cutoff point is also given by a simple formula requiring 
only profile moments. Numerical confirmation of the method is given.
We have seen that the equivalent step index fiber method rests on 
the concept that the properties of the fundamental mode are not very 
sensitive to refractive index profile details. We show how this idea 
may be incorporated into the original variational scheme of Snyder and 
Sammut [5] in order to greatly simplify the calculations and to provide 
wavelength independent esi parameters. Following Ch. 7 the new esi 
approach uses the effective waveguide parameter and moments of the 
profile shape.
226
8.2 MOMENT METHOD FOR SLAB LIGHTGUIDES
8.2.1 Introduction
A basic element of integrated optics is the slab waveguide. The 
step index guide provides a model for understanding light propagation 
and interpreting experiments using analytical results, e.g. [1-3]. 
However, actual physical profiles are distorted from exact step form and 
usually require numerical treatment, thus losing the simplicity and 
utility of the step model. Major interest centers on single mode guides 
and in this paper we demonstrate that, in that case, arbitrary guides 
may be characterized in a simple way which also preserves the analytic 
description usually confined to the step index model. The method is 
similar to that introduced in fiber optics [A].
We concentrate on the symmetric slab waveguide aligned with the z- 
axis, uniform in the y-direction and with refractive index
n2( x ) = n cl + (nQ - n^) s( |x| )
2
= ncl
IXI = J xj/a < 1
h i  > i
(8.2.1 )
where the slab has width 2a, X = x/a, ncl is the index of the surround, 
and nQ is the maximum index in the core so that s( jxj ) < 1. We 
generally have n^ « n and therefore weak guidance. A sample profile 
function s is illustrated in Fig. 8.1 which also shows the fundamental 
mode field ^ . (We deal with scalar modes here - see Sec. 8.2.4 for 
vector considerations. ) We observe that \j> is a smooth function which is 
comparatively insensitive to the finer details of s(x). This suggests 
that it ought to be possible to describe the guide in terms of general 
properties of s(x).
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F i g .  8 . 1  R e f r a c t i v e  i n d e x  p r o f i l e  f u n c t i o n  s( x ) and c o r r e s p o n d i n g  
f u n d a m e n ta l  mode f i e l d  x ) .
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We c h a r a c t e r i z e  th e  w avegu id e  by th e  moments o f  th e  r e f r a c t i v e  
in d e x  d e f i n e d  by
Nm “ 2 /  U 2( x )  " n c l } xm dx
— CO
( 8 . 2 . 2 )
Fo r t h e  sy m m etr ic  g u i d e ,  ( 1 )  l e a d s  to
N = 0m m o d d , ( 8 . 2 . 3 a )
2 2
2 ( n  -  n )aK o c l J
m+1 /  s( X ) XmdX 
0
m even, ( 8 . 2 . 3 b )
2 2
= 2 ( n  -  n ) a ^ f t  ( 8 . 2 . 3 c )o c l  m
where we have i n t r o d u c e d  th e  moments ft^ wh ich  r e f e r  to  th e  p r o f i l e  shape
f u n c t i o n  a l o n e .  No te  t h a t  f o r  a s t e p  g u id e  s ( X )  = 1
and ft = l / ( m + l )  . The n o rm a l ized  moments m
^m = ^ n /^°  ( 8 . 2 . 4 )
d e s c r i b e  t h e  shape o f  s w h i l e  ft0 measures  th e  a re a  under s .  I f  a l l  th e  
moments ftg , f t£ , fti+, . . .  are  g i v e n ,  th en  s cou ld  be d e te rm in ed  e x a c t l y .
I t  i s  our c o n t e n t i o n  t h a t  o n ly  Nq and N2 are  r e q u i r e d  i n  o r d e r  t o  g i v e  a 
good d e s c r i p t i o n  o f  fundam en ta l  mode p r o p a g a t i o n  i n  symmetr ic  s l a b  
w a v e g u i d e s ,  and knowing a l s o  N4 w i l l  d e f i n e  th e  l i m i t s  o f  s i n g l e - m o d e  
o p e r a t i o n .  We d e v e l o p  the  t h e o r y  i n  th e  n e x t  s e c t i o n  and t h e n  p r o v i d e
n u m e r i c a l  c o n f i r m a t i o n .
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8.2.2 Theory
The field of a mode on a slab waveguide [1-3] has the form 
\Kx)exp{i(3z - cot)}, where ^ and the modal propagation constant or 
eigenvalue 3 satisfy
+  (k2n2 - ß2 = 0 (8.2.5)
dx2
for wavenumber k. Now consider two symmetric guides with refractive 
indices n^(x) and n2(x) , both with the same cladding index n c  ^ as in 
(8 .2 .1 ), and modal quantities > 3 ,  ^2 > ^2 • in analogy with the 
fiber case in Ch. 7, we multiply the equation for guide 1 by ^  » and 
that for guide 2 by ^  , subtracting the two resulting equations and
integrate over -°° < x < 00 to obtain
00 r 2 2
k2 / {n^( x ) - n2( x )} x )\J)2( x )dx
2 2 _
3i - 32 = ---- -— ----------------------------  • (8.2.6)
/ ^ ( x ) f 2(x)dx
—  OO
(The gradient terms cancel using integration by parts.) We now define 
the two guides to be equivalent when 8^= 82 • This requires
00 2 2
/ {ni (x ) - n2(x)}4>i^ 2 dx = 0 . (8.2.7 )
— OO
( a ) Fundamental mode
The fundamental mode is an even mode [1-3]. Thus in, general we 
may write
OO
^ 1(x)^2(x) = Z c (k) x2^ (8.2.8)
£=0 *
and then (8.2.7) becomes
c^( k ) ^ (n^( x) - n 2( x ))Z
1=0
(8.2.9)
230
or, in terms of the moments defined in (8.2.2),
00
E CjjCk) {n(2^  - 4,^ 4 = 0 . (8.2.10)
The exact equality of 8i and 02 f°r all k requires all moments to be 
equal, which implies that the profiles are identical in every detail. 
However, only the first few terms are of major importance and we shall 
take the two guides to be equivalent if
N(„ n „(2) - No (8.2.11a)
4° „(2) = N2 (8.2.11b)
Since the step index waveguide is so well understood, it is 
sensible to use (8.2.11a) and (8.2.11b) to determine the parameters nQg 
and ag which define the equivalent step index (esi) guide. It is usual 
to give nQ through the waveguide parameter V,
2 2
V = ka /(n - n ..) (8.2.12)o cl
and then the esi guide is specified by
1/4V g = (3ft0ft2 ) V (8.2.13a)
a s (3ft2 )1/2 a (8.2.13b)
where the moments ft refer just to the profile shape function s 
Eqns. (8.2.1) and (8.2.3).
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(b) The Effective Waveguide Parameters
Equation (8.2.13a) suggests that we define the effective waveguide 
parameter V by
- 1/4
V = (3ft0ft2 ) V (8.2.14)
Then, since 3ftgft2 = f°r a steP function, the esi guide has
V = V (8.2.15)s
In fact (8.2.11a) times (8.2.11b) leads to V  ^^  = V , so that all
equivalent guides have the same effective waveguide parameter V .
If we also define an effective radius a by
ä = (3^2 )1/2 a (8.2.16 )
then (8.2.11b) divided by (8.2.11a) shows that all equivalent guides 
have the same effective width 2a . For the step guide ag = ag 
since ^2 = 1/3 .
(c ) Propagation Constants
The propagation constant (3 determines modal phase and group
velocities and also the field \J; . The spread of the field beyond the
2 1 / 2guiding region is described by exp{- jxj(82 - n ^  k2) ** } and it is
useful to consider the modal eigenvalue via the normalized parameter [3]
b = a2(02 - n ^  k2)/V2 (8.2.17 )
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This can be expressed in terms of the effective waveguide parameters 
V and a and the profile shape function moments ft as follows:
Thus for equivalent waveguides the values of b differ only by the 
moments factor. In terms of the equivalent step index waveguide, for 
which ftg = 1, ft2 = 1/3 and V g = V , (8.2.18) becomes
and values of b are obtained simply by using the appropriate esi values 
[2,3] multiplied by a correction factor.
(d) The Single Mode Condition
To define the single mode region we require the value of VCQ such 
that for V > VCQ higher order modes can propagate. In the slab, the 
second propagating mode is an odd mode. In this case we can repeat the 
above theory with 3i = 32 = kn  ^ to °btain cutoff and with (8.2.8) 
replaced by the appropriate form for the odd modes:
m
b = (8.2.18)
b(V) = bg(V) {fto/3ft2}1/2 (8.2.19)
CO
^l( X )4>2( x) = Z c^(k)x2£+2 (8.2.20)
This results in the condition that guides with the same cutoff
wavelength have
(8.2.21 )
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After some straightforward algebra this converts into an expression 
the values of the effective waveguide parameter V at cutoff
CO
for
VCO (8.2.22a)
where Vcq tt/2 is the step index guide value and P is the profile 
shape parameter,
P = 1 - {9 2/5 ft4}1/4
(8.2.22b)
the moments ^  , of Eq. (8.2.4), relate only to profile shape and in 
many cases P is close to zero which is its step index value.
Eq. (8.2.22) says that for single mode operation the effective 
waveguide parameter V (Eq. (8.2.14)) must satisfy V < V where V is
CO CO
t at for the step index guide modified only by a factor involving the 
profile shape, but not its height or width.
8.2.3. Numerical Results
to validate the theory presented above we have calculated 
propagation constants and cutoff parameters for two sets of profile
shape functions which emphasise particular deviations for the step. 
These are
profile 1: Sl(X) = 1 - jx |q
x | < 1 (8.2.23a)
and
profile 2: s2(X) = 1 - ( l  -  J x | f |xj < 1 (8.2.23b)
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Profile 1 has the step rounded off at the boundary using the well known 
power-law variations [3], while profile 2 has a dip in the centre, which 
in this case is taken in an extreme form so that n(0) = nc  ^ on the axis.
The moments for these profiles follow from Eqns. (8.2.3b) and 
(8.2.3c):
profile 1: ft = q/{(2m + 1 )( 2m + q + 1 )}
profile 2: ft 12m+l
2m
E
£=0
(-Q* 2 m\
q+£+l 1 J
(8.2.24a)
(8.2.24b)
2 inwhere [  ^ ) is the binomial coefficient. Using these formulas in 
(8.2.19) and (8.2.23) we obtain the results shown in Table 8.1. It is 
quite clear that the approximate formulas give very good accuracy even 
for extreme deviations from the step profile. The cutoff formula is 
excellent and the values of b are quite good even for V > V > i.e. 
beyond the single mode region.
8.2.4 Discussion
The scalar modes of the symmetric slab are described by Eq. (8.2.5) 
and it has been our intention to show that the well known solutions to 
that equation for a step index profile may be used to effectively deal 
with graded profiles. The vector modes may be constructed using the 
scalar modes (TE modes exactly, TM modes in the weak guidance 
approximation [2]) as explained in [2,3].
The formulas presented here replace the problem of solving the wave 
equation by the vastly simpler method of merely evaluating the profile 
moments and using the basic formulas (8.2.19) and (8.2.22). The
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Table 8.1 Accuracy of moment formulas for profiles defined 
in equation (6.3.23)
profile, q
% error in b 
for
from (6.3.
7 =
19)
V CO
% error 
in
(6.3.22)
0.5 1.0 1.5 2.0
step 0 0 0 0 1.57 1 0
1 , 16 0.01 0.04 0.08 0.11 1.57 4 0.06
1 , 4 0.07 0.36 0.73 1.1 1.597 0.46
1 , 2 0.21 0.91 1.8 2.7 1.626 0.89
1 , 1 0.44 1.9 3.6 5.4 1.665 1.4
2 , 16 0.00 0.07 0.15 0.18 1.548 0.01
2 , 4 0.14 0.27 0.53 1.1 1.506 0.08
2 , 2 0.30 0.73 1.5 2.8 1.480 0.13
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accuracy of the results may be guaged from Table 8.1 which gives some 
extreme cases. Clearly, unless extreme accuracy is required, the 
refractive index profile n(x) is not required in full detail, but a few 
of its moments Nm , Eq. (8.2.2), suffice. These lead to the effective 
waveguide parameters, (8.2.14) and (8.2.16), which can be written as
(8.2.25a) 
(8.2.25b)
The effective width 2a thus relates to the profile rms width.
It remains to be seen whether the profile moments can be measured 
directly. However, since Nm entails an integral over n(x), it does not 
require great accuracy in the profile determination since integration is 
a smoothing process and tends to average out error.
V = k{3N0N2/4} PLANAR LIGHTGUIDES
a = {3N2/N0}1/2 ONLY
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8.3 DEVELOPMENTS IN THE THEORY OF EQUIVALENT STEP INDEX FIBERS
8.3.1 Introduction
In a fundamental paper Snyder and Sammut [5] discussed the physical 
ideas behind the equivalent step index (esi) fiber and described a 
mathematical scheme for its determination. Our purpose here is to 
explain how the calculation of the esi parameters may be greatly 
simplified by injecting more of the physics into the method. The 
Snyder-Sammut scheme [5] requires the location of the maximum of a 
function of two variables; we show how this can be reduced to a one 
variable problem and then further to simple formula evaluation without 
significant loss of accuracy. This also allows us to make contact with 
other approaches to esi and single-mode fiber characterization.
The essence of the esi method is that the fundamental modal 
properties are not sensitive to the refractive index profile details and 
we show that this concept is incorporated into the mathematical scheme 
by using effective waveguide parameters [4,6-8] and profile moments 
[4], In the final approximation this allows us to go directly from 
arbitrary profile to esi parameters whereas the original Snyder-Sammut 
method [5] generated a different esi for each wavelength.
8.3.2 Formalism
We consider circular cross-section fibers, core radius p , and 
refractive index
2 2 2
ncl + (% “ ncl) s(r/p) , r < Pn2( r )
2
r > p
(8.3.1)
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where nc  ^ is the cladding index, nQ is the maximum index in the core and
s is the profile shape function. The step fiber has p = p , n = ns o os
and s(r/p) = 1 . All fibers being compared have the same nc^ and 
operate at the same wavenumber k. The waveguide parameter is 
, 2 2V = kp /(nQ - n (8.3.2)
and we use the n^ ~ n ^  , or weak guidance, approximation [5].
If the modal field and propagation constant of the step fiber are
(V , r/p ) and 3 , respectively, then the propagations s s s s
constant of an arbitrary fiber satisfies the variational expression [5]
ß2 > f(V p )S S
oo 2 2
k2 / {n2(r) - n (r )} ^ rdr2 0 s s
3 + -------------------------------s “ 2
/ ^ rdr0 s
(8.3.3)
where the step fiber is used to generate the trial function. Snyder and
Sammut found the best estimate of 3 by maximizing f(V , p ) , i.e. theys s
solved 9f/9V = 9f/9p = 0 for and p ; these parameters defines s s s
their esi. Note that these nQg and p values depend on wavenumber k. 
This is a computationally involved procedure which we seek to simplify.
8.3.3 The effective waveguide parameter
There is now considerable evidence, e.g. [4,6-8] and Ch. 7, that if 
V in Eq. (8.3.2) is replaced by V , the effective waveguide parameter,
V = V0/2ft FIBERS (8.3.4 )
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then waveguides with the same V behave similarly. In Eq. (8.3.4),
is the zeroth moment of the profile shape function s (Eq. (8.3.1)) 
defined as in [4] and Ch. 7 
1
n = / s(R) R™*1 dR . (8.3.5 )m o
For the step fiber, fig = 1/2 so that Vg = Vg . This suggests that if 
the graded fiber under consideration has effective waveguide parameter 
V , we fix Vg in Eq. (8.3.3) by setting
V = V = V . (8.3.6a)s s
Note that this equation can be written as
2 2 2 2 2
p fn - n  l = 2finp2( n - n  ) (8.3.s os cl o cl'
which gives a relation between n and p that is independent of theO b  g
operating wavenumber k.
Substituting Eq. (8.3.6a) into Eq. (8.3.3) gives
ß2 > f (V , p ) (8.3.7 )
and the remaining esi parameter, p , is again found by maximizing f,s
i.e. by solving 9f/3p = 0 . Thus the calculation has now been reduceds
to solving a nonlinear equation in only one variable.
8.3.4 Further simplifications
Before proceeding further it is instructive to write Eqs. (8.3.3) 
and (8.3.7 ) in a different way. We define the modal eigenvalue W by 
[5,8,9]
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W2 = p2 (ft2 ~ k2n2 )^ (8.3.8)
and the standard normalized form [10] and its effective value [4] by
b = W2/V2 , (8.3.9a)
b = W2/V2 . (8.3.9b)
Again for the step, bg = bg . We also set
a = p/ps (8.3.10)
and Eq. (8.3.3) becomes
b - F ( V , a )  = ot2{b(V ) - C(a, V )} s 1 s s s J (8.3.11a)
where
1 2 2 2 C( a , V ) = n (V )[l - / s( R )ip (V aR )R dR/ n0{Jo(U ) + -IiCU )} ]S S S  Q S S  s S (8.311b)
In Eq. (8.3.11), n is the fraction of power propagating within the core 
[5,9,10], and we have taken \(> as [9,10]
J0(UgX) , X < 1
* (V X) =
K0(W X) J0(U )/K0(W ) , X > 1s s s
2where J and K are the usual Bessel functions and u =s
2Vs
(8.3.12a)
(8.3.12b)
2W • As in s
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Ref. [5], we have replaced > in Eq. (8.3.3) by - in Eq. (8.3.11a) to 
emphasize that this variational expression does lead to a very good 
estimate. With Vg = we now solve 3F/3a = 0 to obtain the optimum
approximation to beff and pg = p/a for the esi fiber.
Although a enters the above method in a simple way, it would still 
mean a greater simplification if a good guess at the optimum a could be 
obtained, since b then follows by a straightforward evaluation of Eq. 
(8.3.11). In order to take this step (and later to make contact with 
other descriptions of single mode fibers ), we express the factor 
C(a, V ) in terms of the moments in Eq. (8.3.5). To do this, we write
CO
1|> (V.x) = Z a (V )X2m (8.3.13)s s _ m sm=0
and then Eq. (8.3.11b) becomes
° °  2 2
C(a’Vs ) = ns(Vs )[1 ~ Z am(V  “2% m  /ndJo(U ) + JiCU )}]. (14)m=0
The sum converges rapidly, particularly for small Vg, and we may retain
only a few terms. In this case F( V ,a) is a polynomial in a2 and it iss
easy to solve 3F/3a = 0 to find the optimum a .
This development is merely a mathematical use of the underlying 
idea behind the esi method: the field ^ is smooth in a single mode
fiber and does not respond to all profile details. In our case complete 
profile data is replaced by a few moments of the profile shape function.
8.3.5 The simplest approximation
The simplest case of all emerges when we retain only two terms in
the sum in Eq. (8.3.14) so that according to Eq. (8.3.11a) F( V ,a) is as
quadratic in a2 and (after some algebra using the waveguide formulas
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[9,10] ) the optimum a is found from 8F/8a = 0 to be
a2 = (jo(Ug ) - a0) fi0/2aifi2 • (8.3.15)
When a < 1, so that p > p, i|; over the core of the graded fiber can be ~ s ~ s
2taken from Eq. (8.3.12a) alone and then [11] a0 = 1 and ai = - U /2 .
1 s2 2For small Us we also take J0(U ) - 1 - U /2 and finally Eq. (15) reducess s
to give
a2 = ft0/2ft2 , (8.3.16a)
or the esi radius
Pg = p/a = p /(ft0/2ft2 ) • (8.3.16b)
The calculation of the graded fiber propagation constant now 
proceeds as follows: evaluate profile moments and ft2 and calculate
Veff, set Vs = Veff and p^ by Eq. (8.3.16b) and then use Eqs. (8.3.3) or 
(8.3.11 ).
Note that nQS and pg are now fully specified by Eqs. (8.3.6b) and 
(8.3.16b) neither of which depends on the wavenumber k.
The derivation of Eq. (8.3.16) strictly requires very small Ug, but 
in fact it produces a powerful formula for widespread use. One reason 
for this is that the variational scheme for 3 is not over sensitive to
the trial function parameters.
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8.3.6 Reduction to the moments method
From Eq. (8.3.11a), we observe that
b ( V ) - a2 b (V ) = a2 b (V) s s s (8.3.17a)
or, from Eqs. (8.3.8) and (8.3.10),
3 = 3 s (8.3.17b)
where we have ignored the correction term C(oc,V ) . The importance of Cs
diminshes for small V and Eq. (8.3.17) gives good accuracy. In fact, 
the accuracy of the scheme based on Eqs. (8.3.6), (8.3.16) and (8.3.17) 
is studied in great detail by Hussey and Pask [4] since actually we have 
shown how their profile moments approach may be deduced from the Snyder- 
Sammut esi variational method [5].
8.3.7 Discussion
Snyder and Sammut [1] identified the basic ideas behind the esi 
fiber, but did not build them into their mathematics. By introducing 
the effective waveguide parameter, Eq. (8.3.4), and the profile moments, 
Eq. (8.3.5), we have now generated four schemes for calculating the esi 
parameters, V g and pg :
Scheme 1: Solve 9f/9V s 9 f / 9 p = 0.s g2 = f(v , p ) ^ s s
Scheme 2: Set V s V. Solve 9f/9p = 0 .  32 = f(v, p )s S
Scheme 3: Set V =s
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Scheme 4: Set V = V, ps s p(n0/2fl2)1/2
Scheme 1 is the original Snyder-Sammut method [5]. We also refer 
to a fifth scheme - the total moments method of Hussey and Pask [4] 
which corrects Scheme 4 for certain types of profile, but still only 
requires formula evaluation. There will be some loss of accuracy as we 
move down the schemes one to four and the extreme case of the parabolic 
fiber, as studied in Ref. 1 generates the results in Table 8.2.
Table 8.2 Percentage errors in the modal eigenvalue U as given by 
Schemes 1-5 for a parabolic index fiber and radius of esi fibers.
V V % error in U for Schemes p /p for Schemes s
1 2 3 4 5 1 2 3
1.5 1.061 0.015 0.016 0.021 0.063 0.038 0.78 0.79 0.82
3.5 2.475 0.30 0.42 0.87 2.82 0.80 0.68 0.75 0.82
5.0 3.536 0.47 0.98 2.47 7.00 1.81 0.61 0.72 0.82
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The single mode region is accurately described [6] by V < 2.405, 
but the results in Table 8.2. show that these schemes can be used even 
well beyond this region. Clearly some accuracy is lost as the 
computationally simpler schemes are used, but within the single mode 
region the loss is not dramatic. Scheme 4 is of course the poorest, but 
it is known to work extremely well for profiles with central dips and as 
found in experimental situations [4], This is not too surprising since 
the derivation of Scheme 4 strictly requires p > p , which is true for 
profiles with dips, but only barely satisfied by the parabolic profile, 
as the results in Table 8.2 indicate.
There is a further important point which these developments bring 
out. Schemes 3 and 4 (and 5) define a single esi for the arbitrary 
fiber under investigation, whereas the original Snyder-Sammut method [5] 
gives an esi for each value of k (e.g. see Table 8.2 and their Table II) 
so that nQS and depend on operating conditions. Finally, we point
out that Scheme 4 gives an esi fiber in the following total sense: 
replace the arbitrary fiber by a step fiber with nQg and p^ according to 
Eqs. (8.3.4) and (8.3.16) and then the propagation constant is given 
just by the esi fiber value.
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... The right question is usually more important then 
the right answer to the wrong question ..."
Toffler, The Third Wave
9.1 INTRODUCTION
Research is an ongoing process with each piece of work bringing up 
new questions. In this chapter, following the themes of this thesis, we 
consider recent developments, examine a technique with possibilites for 
further development and ask questions.
In Ch.5 we considered the polarization difference in loss for an 
absorbing isotropic lightguide; in Sec.9.2 we consider the polarization 
difference in loss for a bent anisotropic guide. In Ch.6 we considered 
some specific features of noncircular guides; in Sec.9.3 we outline a 
general technique that could be used for noncircular guides.
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9.2 SINGLE POLARIZATION ACHIEVED BY BENDING ANISOTROPIC FIBERS
We show that highly effective single-mode single-polarization (SMSP)
fibers can be made with comparatively small values of birefringence,
provided that the profile heights A , A differ and the fiber isx y
bent. The effect is enhanced in anisotropic W-fibers.
9.2.1 Introduction
Snyder and Rühl [1] showed that single-mode, single-polarization 
(SMSP) operation is possible in ideal straight anisotropic fibers,
particularly those with equal profile heights A = A in Fig.9.1,x y
provided the material birefringence is sufficiently large. Here we show
that SMSP operation is possible for significantly lower values of
birefringence than predicted in [1], provided the fiber is bent and also
the profile heights A and A are unequal.x y
9.2.2 Background
The fundamental mode of a bent isotropic fiber is effectively
cutoff for small values of V=(27r/X)pn /2A because of a rapid increaseco
in bending loss with increasing wavelength. Thus a bent anisotropic
fiber with A *A , like that in Fig.9.1, will have different effective x y
cutoffs for the x- and y-polarized modes. To see this, we have adopted 
the theory of Snyder and Rühl [1,2] which shows that a weakly guiding 
anisotropic fiber (see Fig.9.1) behaves like two isotropic fibers 
characterized by profiles nx and n^. Thus, bending provides a mechanism 
for achieving SMSP operation in fibers with comparatively small 
birefringence, i.e. much less than in straight anisotropic fibers [2].
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Fig.9.1 Bending loss for x- and y-polarized modes in an anisotropic
fiber with A =0.37%, A =0.32% and core radius p=2.08ym. The loss refers x y
to a continuous bend of radius R = 15mm. The inset defines the 
refractive index profile parameters. For this case the anisotropy 
parameters satisfy 6^^-6^^=0.05%.
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The purpose of this section is to determine the amount of "polarizing” 
that is theoretically possible by bending. We do this by using the well 
known expression for bending loss [4],
Y
1/27T
“ 2 T ( ^ ) 1/2
U2 __1_
V2W3/2 K?(W)
Rc W3Ai 
P V2
(9.2.1)
where Rc is the bend radius, and we evaluate it using parameters for the 
x- and y-profiles separately, i.e. V=Vx , 11=11^ , W=W^ and V=V^ etc. for 
the x- and y-profiles respectively.
9.2.3 Fiber parameters
The parameters 6 =( nX -n^ )/nX and 6 =(nX -n^1)/nX in Fig.9.1co co co co cl cl cl co
measure the anisotropy in the core and cladding respectively. A non-
uniform strain mechanism, which seems likely in practice, will give
6 * 6 , and hence A =A -( 6 -6 , )*A . We consider the cases withco cl y x co cl x
X — Zj.6 < 6 and n 5 ~ 5 * 10 , which is characteristic of practicalcl CO CO CO
fibers [3,5].
9.2.4 Basic Results
The solid curves of Fig.9.1 illustrate the message of this section: 
a fiber subject to a bend has losses which are highly dependent on 
polarization when the profile heights are unequal, A ^ A  . The chosen 
example chosen is for a bend radius R = 15mm, a core radius of
p=2.08yra , and profile heights A =0.37% and A -A =0.05% . This wouldx x y
correspond to a core anisotropy of 6 =0.05% and a cladding anisotropyco
of 6 =0 if all the strain anisotropy is confined to the core, orcl
otherwise any combination which gives 6 -6 =0.05%. Note that there isco cl
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a wavelength window of the order of 50nra in which the x-polarised mode 
is virtually unaffected by the bend, while the y-polarised mode is 
highly attenuated, thus giving an effective SMSP fiber.
Note that the polarization splitting effects predicted by the 
simple fiber designs considered here are of the magnitudes already 
achieved experimentally [5].
The effective SMSP fiber described here can operate even with
<5cl=0 , in contrast to the Snyder and Riihl [1,2] type of fiber which
has a minimum required value for 6 , . The required values of 6 arecl n co
small and of the order to be expected using the photoelastic mechanism 
[3].
9.2.5 General Results
In Fig.9.2 we show how the basic phenomenon varies with the
absolute value of n 5 and the relative values of 6 ,. It is clearco co cl
that the x- and y-mode bending loss curves have a wavelength
separation which increases as nX 6 increases or as 6 , decreases.co co cl
There is no separation when 6 =6 , i.e. when the strain mechanismco cl
operates uniformly across both core and cladding. A particular example 
is used in Fig.9.2, but it is clear that, while the basic phenomenon is 
general, the choice of p and bend radius R will dictate the wavelength 
region of interest, e.g. smaller R will lead to the loss curves shifting
to shorter wavelengths.
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Fig.9.2 Bending loss for a continuous bend of radius R = 15mm. The
fiber has p=l.887pm and A =0.32%. The three sets of curves refer tox
different values of the core anisotropy 6 and the individual curvesco
are labelled by polarization and the cladding anisotropy parameter 6 
(see Fig.9.1). The solid curve is for the x-polarization and also the 
y-polarization when 6 ^=6 .
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9.2.6 Birefringence
A further consequence of assuming *6 is that the birefringence
B=( 3 ~3 )/k depends on wavelength, since x y
(B/nX ) = co 6 + {U2/V2}(6 -6co y y cl co ) + {(U2/V2 H u 2/v 2 )}A ,y y x x  x (9.2.2)
where U is the usual waveguide eigenvalue. When 6 =6 , thencl co
B-nX 6 ; when 6 =0, then B=nX 6 for large V, but tends to zeroco co cl co co
for small V. This dependence could be used to measure the difference 
between the core and cladding anisotropies, 5 ^  and 6 Fig.9.3 shows 
the variations in B.
xFig.9.3 Birefringence B normalised by n 6 The individual curvesco co
refer to different relative values of the cladding anisotropy parameter
6 (see Fig.9.1) and A cl x 0.32% .
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9.2.7 Matching the results of Varaham et al. with a step model
Our previous objective was to illustrate conceptual trends and show 
the magnitudes that may be achieved. We now try to model the results of 
Varnham et al. [5]. We consider a step profile fiber.\
We emphasize that this should at best be 
considered as some effective or equivalent fiber for the given bend 
radius.
Single bend loss: Using the aforementioned single bend loss expression
and considering a bend radius of 10mm we obtain the match in Fig.9.4a. 
Microbending loss [6-10]: The attenuation coefficient is given by the
formula quoted by Hornung et al. [6]
Y = k w4p+2/ X2p+2 (9.2.3)
where < is a constant, p is related to the microbending power spectrum 
and we adopt the Petermann [9,10] definition for the modal spot-size 
u) as given in Appendix 9A. Results are given in Fig.9.4(b) for a p=8
power spectrum.
256
’TWeoce/Vical S in g le  b e n d  'o;>s
W9veI en  g t h  ( n m)
T ^ e o re + 'c a l nnvcrobenctiAg lo s i
^ g v e l e n g t h  (nm)
Fig.9.4 Matching the experimental results of Varnham et al [5] using 
the simple step profile model, (a) Pure bending loss, (b) Microbending
loss.
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9.2.8 The W-polarizing fiber
The crucial feature of the W-fiber is that the fundamental mode may 
be cutoff even on a straight fiber. When combined with bending this has 
two important consequences.
C1 ) A small change in cladding depression depth A^ can have a larger 
effect on the bending loss than an equivalent change in A for a 
uniformly clad step. Ideally we would like to optimize this; a first 
step in understanding how to do this may be provided by examining the 
cutoff dependence in Fig.9.5.
(2) Sharper bending edge: The loss increase more sharply with
wavelength. This can be illustrated by examining Fig.9.6 and noting 
that bending loss is related to modal spot-size. Far from cutoff this 
is the same as for a step with profile height equal to the inner profile 
of the W-fiber; however, spot-size radically increases as we approach 
cutoff.
Match with experimental microbending loss results of Vamham et al.[5]:
From Fig.9.7 we see that the required sharp microbending edge may be 
obtained using a smaller power spectrum parameter p than for the 
uniformly clad case. Discussion of the W-fiber microbending loss 
calculations has been given in [8-10]. We use Eq.( 9.2.3) and the spot- 
size result given in Appendix 9A.
Pure bending loss: A similar steeper bending edge should be seen by
using the expressions of Marcuse[ll].
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Fig.9.5 W-fiber fundamental mode cutoff: Optimization of parameters.
When is cutoff most sensitive to small differences in profile height?
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w a v e l e n g t h  ( nm)
Fig.9.6 W-fiber and step spot-sizes: (1 ) We choose the following W-
fiber parameters: A = (n -n , )/n = 0.32% ; R = -A /A whereo co cl co p o
A - (n -n . )/n ; S=p /p=2.0 and p= . (2) Thus the fundamentalp ocl cl co o
mode cutoff wavelength is X =948nm. (3) For small wavelength X, i.e.co
large V, the W-fiber behaves like a step with cladding index the same as 
the W-fiber inner cladding.
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Fig.9.7 W-fiber match with Fig.3 of Varnham et al. for microbending
loss from a 15cm radius coil of fiber. We model the fiber by an
anisotropic W-fiber with the following parameters: If S and R are
defined as in Fig.9.6, then (1) for the x-profile R__=-0.53, A =0.387%,* ox
the fundamental x- mode cutoff Xco=1012.7nm, and (2) for the y-profile
R =-0.50, A =0.32%, and X^ =948.2nm. y oy ’ co
9.2.9 SMSP fibers: Conclusions
One may consider three design mechanisms for SMSP fibers.
(a) Step with A *Ax y
We have demonstrated that using a simple anistropic step profile 
design with the nx and n^ profiles having different heights combined 
with bending can lead to an effective SMSP fiber. Basically, a smaller 
profile height allows greater loss.
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(b) W-fiber with ACx^ACy) or A *Ax y
We may also consider another ingredient in the quest for SMSP 
fibers: Cladding depressions may lower the effective index of a mode so 
that it is either (i) smaller than the outer cladding index and thus 
leaky or (ii) if not smaller than then closer to the outer cladding 
index and thus more susceptible to bending losses. This idea seems to 
have been recognized in part in some other attempts at making SMSP 
fibers, even though the full mechanisms have not been totally 
appreciated.
Geometry: The Okoshi side-pit fiber [12], and references therein]
attempts to exploit this idea by having a depression in one geometrical 
direction as in Fig.9.8.
Ucl
Fig.9.8 Okoshi side-pit fiber with n >n . >nco ci p
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Of course the tempting idea that one polarization sees a W-fiber, n(x),
and the other a step, n( y ) is incorrect. Rather, from Snyder-Young
weak-guidance theory [13], we deduce that both modes see approximately
the same profile. The difference is of order A, and one mode
effectively sees only slightly more of a W-fiber than the other by this
order. From this we can understand the results of a finite-element
analysis which shows that both fundamental modes have cutoffs, and that
these occur at slightly different wavelengths [12, Fig.l].
Anisotropy: What is needed to produce a larger effect is to go to an
anisotropic fiber design where the difference is between nx and ny
rather than n(x) and n(y). This idea was recognized in the W-fiber
design of Simpson et al.[14]. As in (a), Snyder-Rühl theory provides a
formal basis for understanding: it says that, to lowest order in A,
one polarization does see just n and the other just n .x y
(c) Step with A =Ax y
Both the above designs require A^A^. In addition, (1) requires 
and (2) is greatly enhanced by bending or microbending. A design which 
can operate on a perfectly straight fiber with A^=A^ is that of Snyder 
and Riihl [1,2]. The effect is of order A, due to a small part of the 
y-polarized mode "seeing" the nx profile.
Bow-tie fiber
Although, as we have shown, for the case of bending the step model 
(a) provides an adequate explanation, probably all mechanisms operate 
depending on the conditions. The first difficulty in predicting which 
is dominant is that while we know the gross isotropic profile features,
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measurements of the nx and n^ profiles individually have not so far been 
possible.
9.3 TECHNIQUE FOR THE FUTURE: GREEN FUNCTIONS
Green functions present a particularly popular technique in 
mathematical physics: see Stedman [15] for a review of their physical
significance - one may consider a Green function as the response of a 
system to a standard input, or as describing the way an excitation 
propagates in a system. Just as they are commonly used for unbound 
particles in quantum mechanical scattering problems, their greatest use 
in optical waveguide theory has been in the somewhat analogous radiation 
mode problem as mentioned in Ch.2. They are also useful as a 
mathematical technique [16,17] for providing numerical solutions of the 
wave equation. The differential equation is converted to an integral 
equation involving a Green function - Ref.[18] a recent example from 
fluid mechanics. This approach has also been tried in the context of 
optical waveguides [19-22] using the "free-space" Green function. In 
particular, Hussey [23] developed a "free—space" Green function 
technique for finding the eigenvalues and fields of circularly symmetric 
fibers. Herein we consider an improvement based on the step Green 
function, give results for the circular fiber as an example, and examine 
a generalization to noncircular lightguides. The "step” Green function 
developed here also proves useful in the study of anisotropic fibers 
[24]. In the present method it is appealing in that it builds an 
analytic waveguide solution into the numerical technique.
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For the circularly symmetric case we have a one variable problem 
and there are many methods available, e.g. all those in Ch.3 carry over 
to circular fibers. However, for profiles of arbitrary cross-sectional 
shape the matter is less straightforward. Hence any method which has 
potential application to noncircular guides is worth particular 
examination: the present Green function method needs further
development to be workable for highly noncircular profiles. Other 
methods that have been tried are:- (1) the finite-element method, e.g. 
by Yeh et al.[ 26,27 ], Katz [28] and Chu et al• [ 29]: this has some
difficulty with spurious modes, and computation time and storage can be 
very substantial near cutoff; (2) the point-matching method for step 
guides, e.g. by Goell [30]; and (3) variational methods, e.g. the 
Gaussian approximation.
9.3.1 Integral equation method for weakly guiding lightguides of 
arbitrary cross-sectional shape
Following the lead of Sec. 3.3.2, we write the scalar wave equation 
in the form
2 2 2 2 2 / 
p V + V s ( R ) - w } iKR) = - V s ( R M R )  (9.3.1)1 t u u -  J - p p -
where W2 = p2(32-k2n2 ) ,cl
V2 s( R ) = V2s (R) + V2s (R) = p2k2( n2( R ) - n2 ) , (9.3.2)- u u -  p p - - cl
and * p * denotes a perturbation from some reference profile labelled by 
'u*. Inverting, we obtain an integral equation
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'Kr) 2VP / g(r, R'A
P
V s  , w) s (R' ) K r ’ ) dR’ u u J p - - -
where the Green function is the solution of
2 2 2 2 2 {pV + V s ( R ) - w }  g(r ,R' ; V s ,w) = -6(R-R' )t u u ~ v- - u u ' —  -
(9.3.3)
(9.3.4)
and is given in the next section for "step" as well as "flat" reference 
profiles.
9.3.2 Construction of Green function for step profile
We write the Green function equation as LG(R,R' ) = -6(R-R’ ) where 
L operates on JR. The "free-space" Green function for the 
operator L = {V2 - W2} is well known as [31, Sec. 16.6; 32]
00 i£( <t>—4> ’ )
G(R,R’ ) = 27 E Ijl(WR<) k £(WR>) e , (9.3.5)
Z=-°°
where R^ = rain(R,R’ ) and R^ = raax(R,R' ) . This will be used in 
Sec. 9.3.5. However, consider the Green function for the operator 
corresponding to a step reference profile
L = {V2 + V2H(1-R) - W2} , (9.3.6)
where H( X ) is the Heaviside step function. We have not previously seen 
such a step Green function written down explicitly. Thus to facilitate 
an understanding of Green functions we briefly outline the derivation. 
Firstly, we write the two-dimensional Dirac delta function in polar 
coordinates
00 i£( <]>-<]> ’ )
6(R-R’ ) = -  6(R-R' ) 6 ( S C R - R '  ) e ” K K.
(9.3.7 )
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Then, we assume a similar expansion for the Green function
G(R,R’ ) 2tt Z
z=-°°
iZ( 4>—4>' )
g^(R,R’ )e (9.3.8)
Thus g£ is the Green function for the operator
L = {—  + I  ^  + V2H( 1-R) - W2 - } (9.3.9)dR2 R dR u RT J
on the domain [ 0,00] . Note that g£= g_£ .
In general: consider two solutions y1,y2 of Ly=0 where the self-
adjoint operator L = (p(R) + q(R) ; if yi ,y2 together with
their first derivatives are continuous and y± satisfies the boundary 
condition at one end of the domain and y2 at the other, then the Green 
function is given by
g£(R,R' ) = j  yi(R< ) Y2(r>) (9.3.10)
where A = p(R)W(R) which is constant and the Wronskian 
dy2 dyi
W(R) = yi ---Y2 • In this case: we require (i) yi(0) finite
and (ii) y2(°°)=0 , and thus
yi(R)
l
J£(UR)
W r
K/WR) + a£I£(WR)
K1(M) + Vt(W)
R < 1 
R > 1
' J£(UR) + b£y£(UR)
V U) + v/u)
y2(R) = 1
k £(w r )
1
R < 1 
R > 1
(9.3.11)
(9.3.12)
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where U2 = U2 = V2-W2 u u
dyi dy2
Continuity of ——  and -r—  gives dR dR
ai
K - J 
J - I
V w)ywT J - K K - Y V u)V u) (9.3.13)
where J = UJ^(U)/J^(U) , K = WK^(W)/K^(W) etc. From the Wronskian we 
obtain
1/A = -K£(W)I£(W) (l + (J-D/CK-J)} (9.3.14)
For computational purposes:- note that it is convenient to write
00 i£( <p-<p' )
Z e 
1 =  —
1 + 2 Z cos £( 4>' ) .
£=1
(9.3.15)
Also, we can consider only a finite number of terms, L: thus we write
L .
G(R,R') = I g,(R,R') ) (9.3.16)
1=0
where
*  f V 2 n
( - cos£( 4> * )
£=0 ,
Z> 1 .
(9.3.17 )
9.3.3 Solution of the integral equation
To solve the integral equation (9.3.3) we may either:
(1) discretize the two-dimensional integral immediately, or
(2) assume some expansion for the field - usually this would just be
for the angular part.
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(a) Reduction to matrix problem: general features
The basic idea is to replace the integral in Eq. (9.3.2) by a sum 
evaluated at a suitably weighted distribution of points _R within the 
integration region Ap, i.e.
lKR. ) = V2 I G(R. ,R. ) w. i(>(R. )
P R.cA _1 J
-J P
(9.3.18)
We thus have a problem of the form
C(R. ) = V2 Z M. . C(R. ) (9.3.19 )
P R.c A 1J 
“J P
giving a standard matrix eigenvalue problem (M - AI)c = 0
where A=l/V2 , and I is the identity matrix. Note that £ is the 
P
eigenvector whose components are evaluated at the integration points,
i.e. ? = U ( R  ) : R c A 1 ;  once A and X, are found, then £(R)
"i “i P
follows directly from Eq.(9.3.15).
We now examine particular forms of the matrix equation.
Real symmetric problem: If s (R) is of the same si§n and positive
o
throughout the perturbation region - (we may choose to be negative,
if necessary) - then we define
C(R. ) = /w.s (R. ) iKR. )-i l p -i -i
M . . = / w . s (R.) G(R.,R.) /w . s( R . ) ij i P "I -i’-J J "J
(9.3.20)
Thus we have a real symmetric matrix problem whose solution may be found 
using a standard NAG library routine [34,33].
Non-symmetric matrices: Though these present a considerably more
difficult problem, quite a bit of work [e.g. 36,37] has recently been
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done on efficient methods of finding the eigensolutions of large non- 
symmetric matrices. This is of particular interest in the case of doing 
the angular integration analytically, as considered later.
(b) Two-dimensional integration
The most appropriate cubature rule will depend on the region of 
integration for the particular problem. Various weightings w^ are given 
in Abramowitz and Stegun [38], Engels [39] and Stromd [40].
To minimize the number of times the radial part of the Green 
function is calculated we choose a circularly symmetric distribution of 
points. For simplicity we split the integration into radial and angular 
parts, and use one-dimensional integration rules with K+l and P+1 points 
in the radial and angular directions respectively. Thus Eq.(9.3.19) 
becomes
kiK+p!
K P
Z Z
k2=0 P2=0 \lK+pi ,k2K+p2 ^k2K+p2
(9.3.21 )
where in Eq.(9.3.20) we have
(9.3.22 )
with i-kjK+pi and j=k2K+p2 * Also, if Rstep anc* ^step are t*ie ra<^ :i-a-*- anc* 
angular discretization lengths, then the weighting factors become
w. = w ( K ) R  w ( P ) R  <{>l ki step pi k. i step (9.3.23)
where wn(n ) is a one-dimensional integration rule weighting: e.g. we
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choose Simpson's rule with N+l integration points where N is even and 
1/3 , k=0 or N ;
w (N) = 4/3 , k odd ; k*0,N ; (9.3.24)
n 2/3 , k even ; k*0,N
In cases where the angular integration is zero, (e.g. if R=0 is in the 
integration region, or, for an ellipse if R=semi-major axis), then we 
would adapt the above procedure to exclude that point in the matrix 
calculation.
(c) Simplification for circular symmetry
In the circularly symmetric case all scalar modes have symmetry 
cos£<j) or sin£<}> , and we need merely solve for the radial field 
dependence
V R) g/R.R'; V s  ,W) s (R' ) F ( R' ) R'dR' . u u p £ (9.3.25)
Thus we have a one-dimensional problem, and simply follow the procedure
of Sec.3.2 using g^(R,R' ) as the Green function and multiplying the
one-dimensional weighting factor by R.
For a given £, the eigensolutions correspond to the L P ^  modes
with m=l..( number of integration points). If we chose to use the full
two-dimensional method then the eigensolutions would correspond the
LP. modes with £=0..(number of angular integration points-1) and 
£ m
m=l..(number of radial integration points).
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9.3.4 Numerical results: matrix method
We now give some numerical tests of the method for circularly 
symmetric fibers. Further tests could be carried out for noncircular 
lightguides with known solutions, e.g. the ellipse, before applying the 
method to such interesting structures as the bow-tie fiber.
Test case 1: Step eigenvalues via a core perturbation
We choose a uniform perturbation over the core, and for a given W 
we find the corresponding value of V as shown in Fig. 9.9. Choosing 
purely radial integration (i.e. P=0 in Eq. (9.2.3.1)) we obtained 
eigenvalues corresponding to the LPQm modes with a decrease in accuracy 
as the radial mode number increased. For example:- (1) with K=10 we 
obtained 4 figure accuracy in V for the LPq  ^ mode; (2) with K=40, 6 
figure accuracy for the LPq  ^ mode, and at least 2 figures up to the LPqq 
mode.
Test case 2: Length scales and W-fibers
In Fig. 9.10(a), checking against the known, step solution presents 
an exercise in understanding definitions as explained in the figure 
caption.
The accuracy of the method is given in Table 9.1. We note that the 
increase in accuracy is slightly more dramatic for increase in small 
N. For very large N, this is offset by an increase in rounding error 
for the matrix problem. Also note that the CPU time for the standard 
matrix problem increases in proportion to N^.
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Fig.9.9 We find that n ) for modes with a given W by first choosing
an unperturbed profile height Vu and thus an unperturbed eignenvalue
U = (V2 - W2 from which the Green function given in Eqs. (9.3.10-
Xn)u u12) is calculated. Then from the resulting eigenvalues V'
X 0 )2 _  tT2 , . X 11)2 ___ j  „ ( n )2 _  ,t2 . r X 11)2 P
we find
V + V u p and U U + V u p
In Fig.9-9(b) we see another advantage of the "step" Green function 
as opposed to the "free-space" one: a depressed cladding or W-fiber
profile can be constructed using a perturbed profile shape su that does 
not change sign; this allows symmetrization of the matrix problem as 
explained earlier.
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Table 9.1 Accuracy of the ’step' Green function method for a large 
cladding perturbation as depicted in Fig. 9.10(a).
Number of integration 
points, N
U=p(k2n2 -32CO Error
3 0.78460 17.7%
7 0.94024 1.4%
15 0.95109 0.25%
31 0.95294 0.051%
63 0.95333 0.013%
Exact 0.95345
Vk*)
r e ^ e (' ^ n L e  p c a ip te .
XotccL p r o f i le .  \oi~ 
\rregular
1/2Fig.9.10 For a given W(V2 - U2 ) we obtain V2 from the matrixu p
solution of the integral equation. We then iterate varying W until we
obtain the required V2
P
In (a) we require V2 In (b ) we choose
to define V2 as negative and SU(R) as positive.
Check against known solutions: The usual solution of the step
eigenvalue equation for the perturb ed structure (a) corresponds to
parameters U<
when V2 = V2
by U 14  u .(V . 2 st st
V defined in terms of a fiber radius 2p st
U in the Green function equation is given 
2V) .
Thus,
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APPENDIX 9A SPOT-SIZES
We u s e  t h e  P e t e r m a n n  s p o t - s i z e  d e f i n i t i o n  [ 9 , 1 0 ]
m2 / p 2 = <R2> = f o R3i[>dR /  / o R^dR ( 9 A . 1 )
S t e p :  T h i s  s p o t - s i z e  i s  w e l l  known and may be w r i t t e n
co2 / p2 = I j ^ \ u , l  ) / l j ^  \ u , l  ) where  t h e  i n t e g r a l s  a r e  g i v e n  b e lo w .
W - f i b e r s :  The f u n d a m e n t a l  mode f i e l d  i s  g i v e n  by [ 4 1 , 4 2 ]
f A J 0(UR) , 0 S R < 1
\|> = B I 0(UR) + CK0(Wi n R) , 1 < R < S
I
DKqCWqR)  , S < R < co
w h e r e : -  ( i )  R = r / p ,  S = Pq/ p ; ( i i ) f rom t h e  e i g e n v a l u e  e q u a t i o n  ( 4 )
o f  [42] U = p ( k 2 n 2 -  ß2 ) 1 / 2 , W. = p( 32-  k2n 2 ) 1 / 2 , W0 = p( 32-  k2 n2 ) 1/2  co i n  c l  o c l
w i t h  n , n , , n , b e i n g  t h e  r e f r a c t i v e  i n d i c e s  f o r  t h e  c o r e ,  i n n e r  
co c l  o c l
c l a d d i n g  and o u t e r  c l a d d i n g s  r e s p e c t i v e l y ;  ( 3 )  A ,B ,C ,D  ( g i v i n g  
c o n t i n u i t y  o f  ^ and ip' a r e  g i v e n  i n  App end ix  I  o f  [ 4 2 ] .  Thus  we f i n d  
t h a t  t h e  r e q u i r e d  s p o t - s i z e  i n t e g r a l s  have t h e  fo rm
/  R ^ d R  = A2 I ( m) ( U , l ) +  B2 { l (Tm)(W. S)  -  I ( m ) (W 1)}0 J I  i n ,  i  i n ,
+ 2BCt l(I K >(Wi n ’S)  -  ^ K n - 1 ^
+ C2 { l ^ m)(W .n , S )  -  I ^m)( W. n , l ) }  +  D2 I (Kra)(W0 , S )
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Bessel function integrals: These are given iin Table 9.2. below and may
be obtained using the expression given by Sarmmut [43]
/ xP+q+1 Z (x)Z (x)dx = -9-f  I I i \ [z  ( x,)Z (x) ± Z (x)Z ,(x)] q p 2(p+q+l) L q jp q+1 p+1
p+q+2
where '+' is for the combination (Z ,Z ) = (J ,1 ) or (I ,K ) ; and
q p q p q p
is for (K ,K ) or (I ,1 ) . The case m=l is well known, and for the
q P q P
case m=3 we first integrate by parts.
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Table 9.2 Bessel function integrals
I j 1 }( U , R )  = / Rjg( U R ) d R  = ~  {J§(UR) +  jg( U R )} y
I ^ 1 \ w , R ) = / R K § ( W R ) d R  = {k §(WR) - Kg(WR)} y
I j 1 \ w , R )  = / Rlg(WR)dR = {I§( W R ) - if(WR)} y
I ^ \ w , R )  = / RI 0 ( W R ) K 0 (WR)dR =  {I0(WR )K0( W R  ) +  I ! ( W R  )Ki ( W R  )}
(  3 )  f Q O r4 rJ 0 J 1 J 2,
I j \ U R ) = / R 3 jg( U R  )dR = f -  - 5-) J = J (UR)  n n
, , S  „4 K§ Kf Kg
IJ, '(W,R) 5 / R 3 K g ( W R ) d R  =  j -  { j -  -  —  - — } , K  = K (WR) n n
(3) . , , R4 Jg If ll,
Ij  ( W , R )  H / R 3 I§(WR)dR = j -  {—  - 3 -  - j-) I = I (WR)  n n
(  r > )  r4 1-0 ^ 0 ^1^
riK;(W,R) = / R 3 1 0 ( W R  )K0 ( W R  )d R - * { 2 +  3
1 I 2 K 2  
6  J
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APPENDIX 9b GREEN FUNCTION METHOD: POLAR COORDINATE EXPANSION
We assume a field expansion
\KR,<t>) = £ aj\^ \ R ) cos m<j> + a^  2 \ R ) sin m<j> . (9B.1)
m=0 m
Substituting into the integral equation (9.3.3) and equating co­
efficients of cos m<J) and sin mcf> corresponding to p=l and p=2 
respectively, we obtain
a(p)(R)m
N 
S
n=0 R'
g (R,R' ) k^p)(R' ) m mn a^  P \ R' )dR’ n (9B.2)
pert
where
(R) - / s( R' ,<p' ){ cos[(m-n ’ ]
^pert( R' )
( -1 )Pcos[ ( m+n )<j>' ]} d<J)' 
(9b.3 )
may be found analytically in some cases, or, if necessary, numerically.
Thus we have a set of integral equations for the a^P \ R ) . We may solvem
these by discretizing the radial integral and thus obtaining separate 
matrix problems for p=l and 2 of the form
N J 
V2 I Z 
P n=0 j=0
M(P ) mJ+i, ... a(p)(R.) nJ+j n j ( ( B . 4 )
Unfortunately this matrix problem cannot be symmetrized easily.
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